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Abstract—Full dimension (FD) multiple-input multiple-output
(MIMO) technology has attracted substantial research attention
from both wireless industry and academia in the last few
years as a promising technique for next-generation wireless
communication networks. FD-MIMO scenarios utilize a planar
two-dimensional (2D) active antenna system (AAS) that not only
allows a large number of antenna elements to be placed within
feasible base station (BS) form factors, but also provides the
ability of adaptive electronic beam control over both the elevation
and the traditional azimuth dimensions. This paper presents a
tutorial on elevation beamforming analysis for cellular networks
utilizing FD massive MIMO antenna arrays. In contrast to
existing works that focus on the standardization of FD-MIMO
in the 3rd Generation Partnership Project (3GPP), this tutorial
is distinguished by its depth with respect to the theoretical
aspects of antenna array and 3D channel modeling. In an
attempt to bridge the gap between industry and academia, this
preliminary tutorial introduces the relevant array and transceiver
architecture designs proposed in the 3GPP Release 13 that enable
elevation beamforming. Then it presents and compares two
different 3D channel modeling approaches that can be utilized for
the performance analysis of elevation beamforming techniques.
The spatial correlation in FD-MIMO arrays is characterized
and compared based on both channel modeling approaches and
some insights into the impact of different channel and array
parameters on the correlation are drawn. All these aspects are
put together to provide a mathematical framework for the design
of elevation beamforming schemes in single-cell and multi-cell
scenarios. Simulation examples associated with comparisons and
discussions are also presented. To this end, this paper highlights
the state-of-the-art research and points out future research
directions.
Index Terms—Full dimension (FD) multiple-input multiple-
output (MIMO), massive MIMO, active antenna system (AAS),
channel modeling, correlation, elevation beamforming.
I. INTRODUCTION
Historically, an online presence on the Internet was enough
for one-way broadcasting and dissemination of information.
Today, social networks such as Facebook and Twitter and
video streaming applications like YouTube are driving new
forms of social interaction, dialogue, exchange and collabo-
ration, most of which happens over smart phones utilizing
the underlying cellular network resources. The evolution of
social networks and other Web based applications has led
to a growing number of mobile broadband subscribers, who
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require real-time connectivity and consume bandwidth-hungry
video content. This has resulted in a huge explosion in the
wireless data traffic, with the amount of wireless data handled
by cellular networks expected to exceed five hundred exabytes
by 2020 [1], [2].
The need to support this wireless data traffic explosion led to
the study, development and standardization of several cutting-
edge techniques in the 3rd Generation Partnership Project
(3GPP) Long Term Evolution (LTE) Releases 8 through 12.
These include multiple-input multiple-output (MIMO) trans-
mission/reception, coordinated multi-point (CoMP) transmis-
sion/reception, carrier aggregation (CA), wireless cooperative
networks and heterogeneous networks [3]–[8]. Although the
existing LTE systems implementing these 4G technologies
have been able to achieve incremental improvements in the
network capacity, but these are not enough to meet the de-
mands the networks will face by 2020. Much of the standard-
ization effort in the 3GPP is now being focused on developing
the 5G standard with the vision of meeting unprecedented
demands beyond the capacity of previous generation systems.
Some key 5G technologies outlined in the 3GPP Release 13
and Release 14 for evolution towards LTE-Advanced Pro sys-
tems include massive MIMO, millimeter (mm)-Wave MIMO,
LTE-Unlicensed, LTE Internet of Things (IoT), small cell de-
ployments, elevation beamforming with full-dimension (FD)-
MIMO and device-to-device (D2D) communications [9]–[15].
This article will focus on FD massive MIMO technology.
The current 3GPP LTE standard allows for the use of
upto eight antenna ports linearly arranged at the top of base
station (BS) towers [16], which is why the corresponding
improvement in the spectral efficiency (SE) of the wireless
systems, although important, is still relatively modest and can
be vastly improved by scaling up these systems by possibly
orders of magnitude. This has led to the idea of massive
MIMO systems, where each BS is equipped with hundreds
of antennas, allowing it to serve many users in the same time-
frequency resource using simple linear precoding and detection
methods and thereby reaping the benefits of conventional
MIMO on a much larger scale [17]–[21].
Since the antenna array size is proportional to the number
of antennas in the array, so the deployment of massive linear
arrays in the limited installation space at the top of BS towers
is impractical. Some realistic BS form factor indications have
been provided in Table II of [22], according to which a
macro-cell BS has a form factor of 1430 × 570 × 550 mm,
while pico-cell and femto-cell BSs have even smaller rooms
available for the deployment of antenna arrays. Now consider
ar
X
iv
:1
80
5.
00
22
5v
2 
 [c
s.I
T]
  1
6 A
ug
 20
18
2Fig. 1. Antenna array dimensions at 2.5 GHz operating frequency.
Fig. 2. FD-MIMO layout.
the deployment of 64 antennas in a uniform linear array (ULA)
with 0.5λ spacing, where λ is the carrier wavelength at the
typical LTE operating frequency of 2.5 GHz. This would
require a horizontal room of about 4m at the top of BS tower.
Comparing it with the form factor of a macro-cell BS, it is
clear that installing 64 antennas linearly at existing BSs is
impractical.
To cope with this limitation, full dimension (FD) MIMO
was identified as a promising candidate technology for evo-
lution towards the next generation LTE systems during the
3GPP LTE Release-12 workshop in 2012 [23]. FD-MIMO
utilizes a 2D active antenna array (AAA) that integrates a 2D
planar passive antenna element array and an active transceiver
unit array into an active antenna system (AAS). The 2D array
structure allows a large number of antenna elements to be
packed within feasible BS form factors. As an example, again
consider the deployment of 64 antennas but now in an 8× 8
2D planar array with 0.5λ inter-antenna spacing. This would
require an array of dimensions ∼ 50cm×50cm, which can be
readily installed at existing BSs. This form factor limitation
has been illustrated in Fig. 1.
FD-MIMO has two distinguishing features as compared
to the current LTE systems. First, it benefits from the extra
degrees of freedom offered by massive transmit (Tx) antenna
arrays installed within feasible BS form factors. Second, the
use of an AAS provides the ability of dynamic beam pattern
adaptation in the 3D space.
In traditional cell site architectures, the base transceiver
station (BTS) equipment is located remotely from the passive
antenna element array and both are connected via long cables.
The passive antenna system can not change its radiation pattern
dynamically and can support geographically separated users
simultaneously using only multi-user (MU) MIMO precoding
methods in the baseband. The last decade, however, has wit-
nessed an evolution in this traditional cell site architecture to
the one wherein the active transceiver components, including
amplifiers and phase shifters, are located in the remote radio
unit (RRU) closer to the passive antenna element array. This
separation of the digital radio in the base band unit (BBU),
from the analog radio in RRU, not only allows for a reduction
in the equipment foot-print at the cell site but also enables a
more efficient network operation.
The next stage in the evolution of cell site architecture is the
integration of the active transceiver unit array into the passive
antenna element array at the top of BS tower, resulting in an
AAS [24]–[27]. The AAS can change its directional radiation
pattern at each transmission, since the amplitude and phase
weight applied to each antenna element in the system can
be dynamically controlled through the power amplifier (PA)
connected directly to that element. Arranging the transceivers
in a 2D array and mapping each transceiver to a group of
antenna elements arranged in the vertical direction extends this
adaptive electronic beamforming capability to the elevation
plane in addition to the conventional azimuth plane. This
results in an electric downtilt feature [24]–[26], [28]. This
beam-tilt feature of AAS enables the vertical radiation pattern
and the MIMO precoding to be optimized simultaneously.
Popularly known as 3D/elevation beamforming, this technique
can help realize more directed and spatially separated trans-
missions to a larger number of users, leading to an additional
3Fig. 3. 3GPP roadmap for the standardization of FD-MIMO.
increase in throughput and coverage as confirmed through
several field trials [29]–[32]. A typical FD-MIMO deployment
scenario is illustrated in Fig. 2, for one sector of a macro-cell
BS equipped with a 2D AAS.
A. Overview - From 3GPP to Theory
FD-MIMO transmission/reception was first identified as a
promising technology for the next generation cellular systems
in the 3GPP Release 12 workshop in 2012 [23]. To realize
FD-MIMO techniques, the radio frequency (RF) and electro-
magnetic compatibility (EMC) requirements for AAAs were
outlined in the 3GPP technical report (TR) 37.840 [33]. This
TR was a result of the study item approved at Technical Spec-
ification Group (TSG) Radio Access Network (RAN) Meeting
number (No.) 53 [34]. The report defined relevant terminology
for the study of an AAS BS, studied the transmitter and
receiver characteristics along with their impact on the system
performance and determined the appropriate approaches for
the standardization, specification implementation and testing
of a BS equipped with a 2D AAS.
FD-MIMO has become a subject of extensive study since
then in the 3GPP Release 13 and Release 14, with focus
on identifying key areas in the LTE-Advanced standard that
need enhancement to support elevation beamforming with upto
64 antennas placed in a 2D array [35]–[37]. In 2015, the
3GPP made great progress on the development of transceiver
architectures for FD-MIMO systems through the study item
in [35]. The findings were documented in TR36.897 with
the objective to help understand the performance benefits of
standard enhancements targeting 2D antenna array operation
with 8 or more transceiver units (TXRUs) per transmission
point, where each TXRU has its own independent amplitude
and phase control and is mapped to a group of physical antenna
elements [36]. A TXRU is a generic term defined in TR37.840
for signal transmission under identical channel conditions.
Note that the term antenna port is often used inter-changeably
with antenna TXRU, where an antenna port is generally de-
fined in LTE in conjunction with a reference signal (RS). The
TR36.897 presented the structure of the 2D AAA, along with
guidelines on the inter-element spacing, number of TXRUs,
number of antenna elements per TXRU and their polarization.
The virtualization model for the antenna elements per TXRU
and the target operating frequency range, considering practical
antenna size limitations, were also discussed. Based on the
conclusions of this study item, the 3GPP developed specifica-
tion support for FD-MIMO in Release 13 by enhancing the
relevant RSs and channel state information (CSI) reporting
mechanism. However, the specification in Release 13 supports
up to 16 antenna TXRUs and therefore the benefit from an
antenna array with more than 16 TXRUs is limited. There is
also no support for providing higher robustness against CSI
impairments and no enhancement on CSI reports to enable
efficient MU spatial multiplexing. FD-MIMO work item for
Release 14 has been proposed in [37] to address these Release
13 limitations.
In order to facilitate the evaluation of FD-MIMO systems, a
large effort in developing a 3D spatial channel model (SCM),
that not only takes into account both the azimuth and elevation
angles of the propagation paths but also incorporates the 3D
radiation patterns of the active antenna elements, was also
needed. There was some discussion on the 3D SCM in Wire-
less World Initiative New Radio (WINNER) II project [38], but
the complete model was not developed. In 2010, WINNER+
[39] generalized the 2D SCM to the third dimension by
including the elevation angles, but many parameters were not
determined. The elevation plane was considered in the large
scale in the ITU channel to model the radiation pattern of
the antenna ports, whereas in the small scale the propagation
paths were modeled only in the azimuth plane [40]. The
ITU approach is approximate in modeling the vertical antenna
radiation pattern because it abstracts the role played by the
antenna elements constituting an antenna port in performing
the downtilt by approximating the vertical radiation pattern of
each port by a narrow beam in the elevation. The ITU model is,
therefore, not a full 3D channel model, even though it is widely
used in many works on FD-MIMO and 3D beamforming. The
first full 3D SCM was completed in 2014 and documented in
the 3GPP TR36.873 [41], with the objective of facilitating the
proper modeling and evaluation of physical layer FD-MIMO
techniques. This model captures the characteristics of the AAS
at an element level accounting for the weights applied to the
individual elements to perform downtilt and now forms the
basis of all subsequent 3GPP TRs on FD-MIMO. A detailed
literature review on the development of the ITU based and
3GPP TR36.873 based 3D SCMs will appear in the next
section. The 3GPP progress on FD-MIMO has been illustrated
in Fig. 3.
In parallel to the standardization efforts being made in the
3GPP, several research papers addressing this subject through
theoretical analysis, system-level simulations and measure-
ment campaigns have appeared. The authors in [13] showed
using system-level simulations that under the 3D SCM 2-
3.6 times cell average throughput gain and 1.5-5 times cell
edge throughput gain can be achieved by FD-MIMO arrays
when compared to the reference configuration of 2 antenna
ports used in the LTE Release 9 and Release 10 [42]. The
authors in [14] studied the characteristics of FD-MIMO in
terms of deployment scenarios, 2D antenna array design and
3D channel modeling, and outlined the potential enhancements
4required in the LTE standard to support this technology. The
performance gain of FD-MIMO over legacy MIMO systems
with a fewer number of antenna ports was confirmed through
system-level evaluations. The authors in [43] evaluated the
performance of FD-MIMO with upto 64 antenna ports using
system-level simulations and field trials measurements. Several
important insights were drawn such as the performance gain
of FD-MIMO is higher in the urban micro (UMi) scenario
than in the urban macro (UMa) scenario. The authors in [44]
demonstrated that the performance of FD-MIMO arrays varies
in an indoor environment depending on the location of the
array.
The authors in [45] provided a very comprehensive
overview of FD-MIMO systems in 3GPP LTE Advanced Pro
in context of the discussion and studies conducted during the
3GPP Release 13. The article discussed the standardization
of FD-MIMO technology focusing on antenna configurations,
transceiver architectures, 3D channel model, pilot transmis-
sion, and CSI measurement and feedback schemes. A new
transceiver architecture proposed in TR36.897 as full/array-
connection model, a new RS transmission scheme referred
to as beamformed CSI-RS transmission and an enhanced
channel feedback scheme referred to as beam index feedback
were introduced and discussed. The authors in a recent work
[46] identified interference among MIMO streams for a large
number of users with limited channel feedback and hardware
limitations such as calibration errors as practical challenges to
the successful commercialization of FD-MIMO technology in
5G systems. They developed a proof of concept (PoC) BS and
user prototype to overcome these challenges and demonstrated
the practical performance and implementation feasibility of
FD-MIMO technology through field trials. The extension of
FD-MIMO to distributed AAAs as a means to satisfy the
wireless data demand beyond 5G was discussed in [47].
The authors in [48]–[51] focused on the high spatial corre-
lation experienced by FD-MIMO arrays due to their compact
structure. They characterized this correlation and took it into
account in the performance analysis of FD-MIMO techniques.
In fact, the high spatial correlation in FD-MIMO arrays has
been utilized in some works to form the Rayleigh correlated
3D channel model, which depends on the quasi-static spatial
channel covariance matrices of the users. FD-MIMO tech-
niques, like elevation beamforming, can be designed theo-
retically using these correlation based models with the help
of tools from random matrix theory (RMT) that are quite
useful in the large antenna regime. The implementation of
these schemes will then require the estimation of large-scale
parameters only instead of the full channel vectors. More
discussion on the importance of spatial correlation in FD-
MIMO analysis will appear in section II and section V.
The additional control over the elevation dimension pro-
vided by FD-MIMO enables a variety of strategies such
as sector-specific elevation beamforming, cell splitting, and
user-specific elevation beamforming [52], which have been a
subject of several works in the recent years. The initial works
in this area relied on system-level simulations and field trials
to confirm the performance gains achievable through elevation
beamforming [29]–[32], [53], [54]. Later, some theoretical
studies on downtilt adaptation utilizing the approximate an-
tenna port radiation pattern expression from the ITU report
[40] and 3GPP TR36.814 [42] appeared in [28], [55]–[59].
Only a couple of works have very recently performed ele-
vation beamforming analysis for the FD-MIMO transceiver
architectures proposed in the 3GPP TR36.897 utilizing the
most recent, theoretically accurate and complete 3D channel
model developed in TR36.873 [50]. Detailed discussion on
these works can be found in section II and section VI.
B. Motivation and Structure of the Tutorial
Due to the expanding interest in elevation beamforming with
the advent of FD-MIMO technology, it is required to have
a unified and deep, yet elementary, tutorial that introduces
elevation beamforming analysis for beginners in this field.
Although there are some excellent magazine articles that focus
on different aspects of FD-MIMO, including the design of
AAAs, development of TXRU architectures, extension of the
2D SCM to the third dimension, and enhancements to the
CSI-RS and feedback schemes [13], [14], [45], [46], [54],
[60]–[62], but these works address these aspects from an
industrial point of view, focusing on the ongoing discussion
in the 3GPP on the standardization of FD-MIMO technology.
While these works provide an excellent background for readers
interested in the practical system design and the system-
level performance evaluations of FD-MIMO scenarios, they
do not provide a theoretical framework for the design of
elevation beamforming schemes for these systems. The ability
of elevation beamforming allowed by AAAs needs careful
study and design to enable an efficient implementation in
future 5G systems.
This tutorial is distinguished in being the preliminary one
on FD-MIMO systems and in its objective of equipping the
readers with the necessary information on the underlying
array structures, the TXRU virtualization models, the 3D
channel modeling approaches and the correlation character-
ization methods to allow them to devise, formulate and solve
beam adaptation and optimization problems in the 3D space.
Although, some useful elevation beamforming strategies have
been proposed in existing theoretical works [28], [55]–[59],
but almost all of them have one of the following limitations.
• Majority of these works utilize the approximate antenna
port radiation pattern expression introduced in 2009 in
the ITU report and in 2010 in the 3GPP TR36.814.
This approach approximates the main lobe of the vertical
radiation pattern of a port by a narrow beam in the ele-
vation and discards the effect of sidelobes. The practical
relevance of these works when considering actual FD-
MIMO AASs, where the antenna port radiation pattern
depends on the underlying geometry of the port, including
the number of elements in it, their patterns, relative
positions and applied downtilt weights, is doubtful.
• Since the radiation pattern of the array depends on the
underlying geometry of the antenna elements, so it is
important to model the 3D channel on an element level.
The TR36.873 now documents the generation of this ele-
ment level 3D channel in a very comprehensive manner.
5Works on 3D beamforming should consider this or related
models to make the proposed methods more reliable
and relevant to realistic 3D propagation environments.
However, existing works optimize the downtilt angle
using the ITU radiation pattern with channels modeled
with respect to antenna ports. In practice, the downtilt
weight functions applied to the physical antenna elements
constituting the ports should be optimized under an
element level channel model.
• Compact structure of large-scale antenna arrays and small
values of elevation angular spread in realistic propagation
environments drastically increase the spatial correlation
in FD-MIMO systems. The adverse impact of correlation
on the capacity of MIMO systems has been widely
studied for over a decade now in several works [63]–[68].
The effects of correlation and mutual coupling are even
more pronounced in the compact arrays considered in
FD massive MIMO settings, making it imperative to take
these effects into account in the design and performance
evaluation of elevation beamforming schemes. This is
again missing in existing works.
The authors believe that the absence of a theoretical frame-
work for 3D beamforming that utilizes realistic antenna array
designs and 3D channel models is because most of the
literature on FD-MIMO architectures and channel modeling
is found in 3GPP reports instead of theoretical works, which
creates difficulty in establishing a proper link between the
industrial standards for FD-MIMO and the theoretical study of
3D beamforming. This tutorial aims to bridge this gap between
theory and industry. To do this, we first present the key
features of FD-MIMO and summarize the available literature
in section II. We then introduce the relevant array and TXRU
architectures that enable elevation beamforming in section III.
This is followed by the presentation and comparison of the
ITU based and TR36.873 based 3D ray-tracing channel models
in section IV. The spatial correlation in FD-MIMO arrays is
characterized and compared based on both channel modeling
approaches in section V. The resulting expressions are used to
form the Rayleigh correlated channel model. Finally, all these
aspects of FD-MIMO are put together to provide a theoretical
framework for designing elevation beamforming schemes in
single-cell single-user, single-cell multi-user and multi-cell
multi-user multiple-input single-output (MISO) systems in
section VI. Some related research directions and open issues
are outlined in section VII, followed by concluding remarks
in section VIII.
II. KEY FEATURES OF FD-MIMO
In this section, we introduce the key features of FD-MIMO
systems and discuss the related literature in detail. The main
aspects of FD-MIMO highlighted here include the design of
efficient 2D AAAs, the development of 3D ray-tracing SCMs,
the characterization of spatial correlation and the develop-
ment of 3D correlated channel models, the design of RS
transmission and CSI feedback schemes, and the development
of elevation beamforming strategies. These aspects and their
relationships with each other are illustrated in Fig. 4.
A. 2D Active Antenna System (AAS)
In order to realize the benefits of FD-MIMO, an efficient
implementation of a 2D AAA is a key requirement. In
an active antenna-based system, the gain and phase of the
transmitted beam is controlled dynamically by adjusting the
excitation current applied to the active components such as
PA and low noise amplifier (LNA) attached directly to each
antenna element. Arranging these active antenna elements in a
2D array and mapping a group of vertically arranged antenna
elements to a TXRU fed with a data symbol, one can control
the transmitted radio wave in both the vertical (elevation)
and horizontal (azimuth) directions. This type of wave control
mechanism is referred to as 3D beamforming.
In addition to providing the ability of 3D beamforming,
another benefit of 2D AAA is that it can accommodate a large
number of antenna elements without increasing the deploy-
ment space. The form factor considerations in the design of
2D AAA have been discussed in [13], [14], [45], [69] and
illustrated in Fig. 1 in the introduction. The authors in [13]
proposed and studied a 2D AAA comprising of 8 antenna
ports in the horizontal direction and 4 antenna ports in the
vertical directions, resulting in a total of 32 feed ports, where
each port consisted of a 4-element vertical sub-array to provide
enhanced directional antenna gain in the elevation domain.
With a 0.5λ horizontal antenna spacing and 2λ vertical antenna
spacing, they showed that it was possible to construct an FD-
MIMO 2D AAA of size 0.5m × 1m at 2.5 GHz operating
frequency, which could comfortably fit on a macro-cell BS
tower. An actual functioning example of this 2D AAA was
shown in Fig. 3 of [14], where the patch antenna elements
were installed in the +/ − 45o directions, resulting in dual-
polarization on the two diagonal planes. Further details on the
physical construction of the FD-MIMO AAA can be found in
[14], [25].
Another important aspect related to the AAA design in a
typical FD-MIMO implementation is that the radio resource
is organized on the basis of antenna ports, antenna TXRUs
and physical antenna elements. The 3D MIMO precoding of
a data stream is therefore implemented sequentially in three
stages; port-to-TXRUs precoding, TXRU-to-physical elements
precoding, and application of the element radiation pattern.
These stages have been discussed in detail in section III.
B. 3D Ray-tracing SCMs
The 2D SCMs, that capture the characteristics of the prop-
agation paths in the azimuth plane only, have been conven-
tionally used in both academia and industry for the study
and evaluation of technologies designed for BSs equipped
with ULAs of antennas. The design and study of FD-MIMO
systems utilizing 2D AAAs, however, require 3D SCMs that
not only take into account both the azimuth and elevation
angles of the propagation paths but also incorporate the 3D
radiation patterns of the active antenna elements. Note that
most existing SCMs proposed by the industry and academia
follow a ray-tracing approach where the channel model takes
the actual physical wave propagation into account. These ray-
tracing models express the channel between the BS and the
6Fig. 4. Key Features of FD-MIMO. The solid arrows represent the relationships covered in detail in this tutorial while the dotted arrows represent the
connections that have been discussed but not dealt with in detail.
user as a sum of the propagation paths characterized by their
powers, delays and angles. This subsection will focus on the
development of the 3D ray-tracing SCMs.
Encouraged by the preliminary results on the potential of
3D beamforming to improve the performance of contemporary
cellular networks [29]–[32], an extensive research activity was
carried out in the 3GPP to develop and standardize 3D channel
models. The preliminary studies considered the 3D channel
between the antenna ports rather than between the individual
antenna elements constituting these ports. Both ITU and 3GPP
TR36.814 proposed the use of 3D directional antenna port
radiation pattern expressions in the modeling of the wireless
channel in [40] and [42] respectively while assuming the
propagation paths to be characterized using azimuth angles
only. These reports considered a three sector macro-cell en-
vironment and modeled the horizontal and vertical radiation
patterns of each antenna port using a half power beamwidth
(HPBW) of 70o and 15o respectively. The vertical radiation
pattern of each antenna port was expressed as a function of the
electrical downtilt angle. This downtilt is actually a result of
the amplitude and phase weights applied to the vertical column
of physical antenna elements constituting an antenna port. The
ITU approach is therefore approximate in the sense that it
abstracts the role played by antenna elements constituting an
antenna port in performing the downtilt by approximating the
vertical radiation pattern of each port by a narrow beam in the
elevation.
Utilizing these expressions, the authors in [13], [62] ex-
tended the 3GPP 2D SCM to the third dimension by taking
into account the elevation domain parameters. To generate
these parameters like the elevation spread at departure (ESD),
[13] relied on statistics provided by WINNER and COST273
[38], [39], [70]. An overview of 3D channel modeling was
provided in [71]. The authors used some examples of 3D
measurements to discuss the distance dependent nature of
elevation parameters, correlation between azimuth and eleva-
tion angles and extension of antenna array modeling to the
third dimension. The authors in [62] presented the preliminary
3GPP activity on developing the 3D channel model for eleva-
tion beamforming and positioned it with respect to previous
standardization works. It established the common link between
different channel modeling approaches in theory and standards
and presented some most used standardized channel models,
focusing mostly on the ITU and 3GPP TR36.814 approach to
model the 3D radiation pattern. This work also pointed out
the approximate nature of this approach and stressed on the
importance of developing a more accurate 3D channel model
that takes into the account the characteristics of individual
antenna elements. Since using the ITU approach allows us
to model the channel with respect to antenna ports instead
of antenna elements, so it is referred to as the ‘antenna port
approach’ towards 3D channel modeling in this work.
In order to enable the optimization of 3D beamforming
techniques in practice, the channels between antenna ports
should be expressed as a function of the channels between
the antenna elements constituting these ports and the applied
weight functions. A study item was initiated in 2012 [23]
to finalize the detailed specifications of this element-level
3D SCM. The outcome of this study item resulted in the
first complete 3D channel model introduced in the 3GPP
TR 36.873 [41], which takes into account the geometry of
the array and the characteristics of the antenna elements
constituting the AAS quite meticulously. Using the guidelines
provided in this TR, the antenna port radiation pattern can be
expressed as a function of the number of antenna elements
constituting the port, their patterns, positions and the phase
and amplitude weights applied to these elements. This model
has been presented and utilized in several papers on FD-
MIMO [14], [45], [61] and is expected to form the basis
of future studies on elevation beamforming. This new and
more accurate approach is referred to as the ‘antenna element
approach’ towards 3D channel modeling in this work. Very
7recently, the authors in [72] have established a similar full
3D channel model to support the performance evaluation of
AAA-based wireless communication systems. The vertical
radiation pattern of an antenna port has been expressed as
a function of the individual element radiation pattern and the
array factor of the column of elements constituting the port.
The authors used the developed 3D SCM to study the effect of
mechanical downtilt, electrical downtilt and the combination
of two downtilts on the coverage and capacity performance
of different AAA configurations and showed that downtilt
optimization can introduce significant gains in coverage and
capacity, when antenna ports have narrower vertical HPBWs.
There is still ongoing work in both industry and academia on
improving the 3D channel model and the estimates of different
elevation domain parameters [73]–[76]. An analysis of the
elevation domain parameters in the urban microcell scenario
with channel measurements at 2.3 GHz center frequency
can be found in [73]. A smaller ESD was observed for
higher Tx antenna height. Also, a significant difference in
the ESDs between the line-of-sight (LOS) and the non-line-
of-sight (NLOS) propagation conditions was reported, with
the ESD following a negative exponential model with respect
to the distance for the former and a linear model for the
latter. The authors in [74] identified the limitations of the
existing 3D channel models in describing the cross-correlation
coefficients of channel large-scale parameters, the distance
dependent properties of elevation domain parameters and the
inter-dependence between azimuth and elevation angles. They
used an outfield measurement campaign to propose a reliable
3D stochastic channel model that addressed these limitations.
A log-normal distribution was proposed to fit the probability
density function (PDF) of ESD, with a mean which decreased
with distance. A mixture of Von-Mises Fisher distributions
with a log-normally distributed concentration parameter was
used to model the interdependency between azimuth and eleva-
tion angles. A summary of the 3D channel model development
in the 3GPP can be found in [61].
Both the antenna port and the antenna element based ray-
tracing channel modeling approaches are outlined and com-
pared in section IV.
C. 3D Correlated SCMs
The compact structure of 2D AAAs deployed in FD-MIMO
systems to meet the form factor requirements often results
in small inter-element spacing between the antenna elements.
This increases the spatial correlation in the array. Recently,
measurement campaigns have also confirmed the small values
of elevation angular spreads in realistic propagation environ-
ments, resulting in the elements to be highly correlated in
the vertical domain [71]. This dramatic increase in spatial
correlation makes it imperative to characterize it and take it
into account while evaluating the performance gains realizable
through elevation beamforming techniques.
Spatial correlation has been popularly known to deteriorate
the system performance. While this is always true for point-
to-point MIMO communications [77], [78], spatial correlation
can actually be beneficial in multi-user massive MIMO set-
tings, where each user can experience high spatial correlation
within its channel vector, but the correlation matrices are
generally almost orthogonal for different users, resulting in
each user getting the full array gain proportional to the number
of antennas as shown in [79]. More discussion on this can be
found in section V-A.
The high correlation in FD-MIMO arrays can also reduce
the CSI feedback overhead incurred in the implementation of
elevation beamforming techniques. This is possible through
the design of elevation beamforming schemes using correlated
3D channel models that depend on the quasi-static spatial
channel covariance matrices of the users. A popular such
channel model for point-to-point MIMO system is the Kro-
necker model [80] and for MU-MISO system is the Rayleigh
correlated model [81]. The covariance matrices used to form
these models can be estimated using knowledge of the slowly-
varying large scale channel parameters instead of the small-
scale channel parameters that vary instantaneously. Note that
the 3D SCM discussed in the last subsection is a ray-tracing
model, which is one way to generate correlated FD-MIMO
channels. However, the explicit dependence of this channel
model on the number of propagation paths and associated
small-scale parameters like angles, powers and delays makes
the theoretical analysis of 3D beamforming generally in-
tractable. This has further motivated the characterization of
3D spatial correlation functions (SCF)s for FD-MIMO systems
that can be used to form these so-called correlated channel
models that depend only on the channel covariance matrices
and facilitate the design of 3D beamforming methods using
tools from RMT in the massive MIMO regime.
The initial SCFs proposed in literature were developed for
2D channels that ignore the elevation parameters in describing
the antenna patterns and propagation paths [82]–[88]. In [85],
approximate closed-form expressions for the spatial correla-
tion matrices were derived for clustered 2D MIMO channel
models, assuming a Laplacian azimuth angle of arrival (AoA)
distribution. The Kronecker channel model was shown to
provide a good fit to the ray-tracing channel model. This is
encouraging for researchers interested in the use of the former
for the design of massive MIMO techniques.
The notion of spatial correlation in 3D propagation envi-
ronments has been addressed in some research works. An im-
portant contribution in this area appeared in [66]. The authors
developed closed-form expressions for the spatial correlation
and large system ergodic mutual information (MI) for a 3D
cross-polarized channel model, assuming the angles to be
distributed according to Von Mises distribution. The authors in
[89], showed that elevation plays a crucial role in determining
the SCF. The derivation was based on the spherical harmonic
expansion (SHE) of plane waves and assumed the distribution
of AoAs to be 3D Von Mises-Fisher.
In [65], closed-form expressions for the SCFs of several
omnidirectional antenna arrays utilizing a 3D MIMO channel
model were derived. These SCFs then formed the covariance
matrices that were used for the evaluation of channel capacity.
The derived results were expressed as a function of angular and
array parameters and used to study the impact of azimuth and
elevation angular spreads on the capacity. However, this work
assumed the angular distributions to be uniform. The uniform
8distribution although widely used due to its simplicity, does
not accurately capture the characteristics of non-isotropic wave
propagation and can underestimate the correlation in realistic
propagation environments. The first attempt to develop a
general analytical expression for the 3D SCF was made in
[68], where the authors used the SHE of plane waves to derive
closed-form expressions for the correlation that can be applied
to a variety of angular distributions.
Some recent works have dealt with spatial correlation in FD-
MIMO architectures [48]–[51]. In [48], an exact closed-form
expression for the SCF of FD-MIMO channels constituted by
antenna ports arranged linearly, with each port mapped to a
group of physical antenna elements in the vertical direction,
was developed using ITU’s antenna port radiation pattern
expression. The proposed SCF is general in the sense that
it can be used for any arbitrary choice of antenna pattern
and distribution of azimuth and elevation angles and can
be computed using knowledge of the Fourier Series (FS)
coefficients of the Power Azimuth Spectrum (PAS) and the
Power Elevation Spectrum (PES) of the propagation scenario
under study. A similar analysis was done in [51] for a uniform
circular array (UCA) of antenna ports, utilizing the ITU based
channel representation.
A more recent work [50] addressed the limitations of exist-
ing correlation models and provided the correlation analysis
for an FD-MIMO array, taking into account the correlations
between all the elements constituting the antenna ports. The
SCF for the antenna elements was first derived using the
3GPP 3D ray-tracing SCM in [41]. The correlation between
the antenna ports was then expressed as a function of the
correlation matrix of the elements constituting the ports and
the applied downtilt weight vectors. This SCF can be easily
utilized to form the Tx and receive (Rx) covariance matrices
that constitute the Kronecker channel model in a point-to-point
MIMO system and the Rayleigh correlated channel model in
a MU-MISO system. Elevation beamforming schemes can be
readily developed using these correlated 3D channel models
utilizing RMT tools in the regime where the number of BS
antennas grows large. This has been discussed in detail in
section V-A.
D. RS Transmission and CSI Feedback
Reference signals (RS)s are necessary for both the de-
modulation of downlink data signals and CSI estimation. In
the LTE standards, two types of RSs are used to support
multi-antenna transmissions: CSI reference signal (CSI-RS)
and demodulation reference signal (DM-RS) [14]. CSI-RS is
a low overhead downlink RS that is common to all users in
a cell and allows each user to measure the downlink CSI.
On the other hand, DM-RS is a user-specific downlink RS
with the same precoding as the data signal and is transmitted
on the same frequency/time resource as the data signal, to
provide the user with a reference for data demodulation. The
CSI feedback mechanism then allows each user to report a
recommended set of values, including the rank indicator (RI),
the precoding matrix indicator (PMI) and the channel quality
indicator (CQI), where the first two are used to assist the BS
in performing beamforming [90].
If CSI-RSs and DM-RSs increase proportionally with the
number of antenna ports as in the traditional LTE networks, it
would impose a prohibitively high overhead of downlink RSs
in FD massive MIMO settings. To avoid this large overhead,
an alternative is to support FD-MIMO in time-division du-
plex (TDD) systems only, where BS can exploit the channel
reciprocity in determining the downlink CSI. However, the
current standards and dominant current cellular systems, e.g.
3GPP LTE and LTE-Advanced, are all based on FDD protocol.
Therefore enhancements to the CSI-RS schemes are required
to support FD-MIMO and elevation beamforming in existing
LTE-Advanced systems.
In the 3GPP standardization process of FD-MIMO, two
CSI-RS transmission schemes have been proposed - non-
precoded CSI-RS transmission and beamformed CSI-RS trans-
mission [45], [91]. In the first strategy, users observe the
non-precoded CSI-RS transmitted from each antenna port. By
feeding back the precoder maximizing a specific performance
criterion to the BS, the user can adapt to the channel variations.
This scheme is referred to as the Class-A CSI feedback in
the 3GPP. On the other hand, beamformed RS transmission
uses multiple precoding weights in the spatial domain and
the user picks the best weight and feeds back its index. This
scheme, referred to as the Class-B CSI feedback, provides
many benefits over non-precoded CSI-RS transmission that
have been discussed in detail in [45].
It is important to note that the conventional 2D codebooks
cannot measure the CSI for FD-MIMO systems. Kronecker
product based codebook (KPC) using a discrete Fourier trans-
form (DFT) structure is usually considered in studies on FD-
MIMO [92]–[95]. The authors in [92] showed analytically
that this codebook is suitable to quantize channels formed
by antennas arranged in a 2D AAA and proposed some
improvements to the channel quantization quality. Depending
on whether the CSI values are computed independently for
the azimuth and elevation dimensions or jointly based on the
full channel, Kronecker product based CSI feedback schemes
can be differently defined as explained in [96]. More recently
the beam index feedback method has been proposed in the
3GPP Release 13 to support beamformed CSI-RS transmis-
sion. Enhancements to the CSI reporting mechanism, to take
into account the large number of antennas and the 2D array
structure, have been made in 3GPP TR36.897 [36]. More
discussion on the two types of CSI-RS transmission and CSI
feedback schemes can be found in section VII.
E. Elevation Beamforming
The main distinguishing feature of FD-MIMO is its ability
of dynamic beam pattern adaptation in the vertical plane,
resulting in 3D beamforming. All the aspects of FD-MIMO
presented so far are directly related to the development of
efficient elevation beamforming schemes both in theory and
practice. This tutorial brings together these aspects to provide
a mathematical framework for the design of elevation beam-
forming schemes.
Dynamic tilt adaptation for performance optimization has
attracted a lot of research interest since the introduction of the
9FD-MIMO concept. The initial works relied on system-level
simulations and field trials to confirm the performance gains
achievable through elevation beamforming [29]–[32], [53],
[54]. The authors in [29] used lab and field trials to show that
3D beamforming can achieve significant performance gains in
real indoor and outdoor deployments by adapting the vertical
dimension of the antenna pattern at the BS individually for
each user according to its location. Different terminal spe-
cific downtilt adaptation methods for interference avoidance
with and without requirements on inter-BS coordination were
considered in [31] for a multi-cell scenario. The authors in
[53] explored different realizations of vertical beam steering
in both noise and interference limited scenarios and studied the
impact of the downtilt, the vertical HPBW and the inter-site
distance (ISD) on the SE and cell coverage. Since these works
are based on pure system-level simulations and/or field trials
results, they do not provide any theoretical design guidelines
to determine the optimal tilts for the BS ports.
Later, some theoretical studies on downtilt adaptation utiliz-
ing the approximate antenna port radiation pattern expression
from the ITU report [40] and 3GPP TR36.814 [42] appeared
in [28], [55]–[59]. The authors in [55] utilized this expression
to provide a vertical plane coordination framework to control
inter-cell interference through the joint adaptation of the tilt
angles according to the scheduled users’ locations, while
maximum ratio transmission (MRT) was used in the horizontal
domain to maximize the desired signal at the active users. The
authors in [59] considered a single-cell scenario and proposed
to partition the cell into vertical regions and apply one out
of a finite number of tilts and HPBW pairs when serving
each region. A scheduler is used to schedule transmission
to one of the vertical regions in each time slot to maxi-
mize a suitable utility function of the users’ throughput. The
ITU based radiation pattern utilized in these works does not
take into account the individual contributions of the antenna
elements in determining the downtilt of each antenna port.
More sophisticated elevation beamforming methods need to be
devised which focus on optimizing the weights applied to the
individual antenna elements in each antenna port to perform
downtilt.
In [97], the cell was partitioned into smaller sectors accord-
ing to traffic load and an optimal 3D beam pattern design for
each sector utilizing a 2D AAS, with downtilt weights applied
to the elements in each port, was achieved using convex
optimization. A recent work [50] made use of an FD-MIMO
transceiver architecture proposed in the 3GPP TR36.897 and
a simplified 3D channel model inspired from TR36.873 to
propose algorithms for weight vector optimization in a single
cell multi-user MISO setup, that were shown to outperform
existing elevation beamforming methods. Further details on
popular elevation beamforming schemes proposed for the
single-cell single user, single-cell multi-user and multi-cell
multi-user MISO systems can be found in section VI. The
subsequent three sections will now deal with the AAA and
transceiver architecture design, 3D channel modeling based
on ray-tracing method, and spatial correlation characterization
and formation of correlated FD-MIMO channel models re-
spectively. The results of these sections will be utilized in the
design of elevation beamforming schemes in section VI.
III. ANTENNA ARRAY DESIGN
In an FD-MIMO architecture reflecting a typical imple-
mentation of a 2D AAS, the radio resource is organized
on the basis of antenna ports, antenna TXRUs and physical
antenna elements. The MIMO precoding of a data stream is
implemented in three stages.
First, a data stream on an antenna port is precoded on Q
TXRUs in the digital domain. This stage is referred to as
antenna port virtualization. In LTE standard, an antenna port
is defined together with a pilot, or a RS and is often referred
to as a CSI-RS resource [96]. Traditionally, a static one-to-one
mapping is assumed between the antenna ports and the TXRUs
and both terms are often interchangeably used in literature.
This tutorial will also assume this one-to-one mapping and
therefore digital precoding is performed across the TXRUs.
Second, the signal on a TXRU is precoded on a group of
physical antenna elements in the analog domain. This is the
second stage referred to as antenna TXRU virtualization. The
3GPP has proposed some TXRU virtualization models that
define the mapping of each TXRU to a group of co-polarized
antenna elements through analog phase shifters or variable
gain amplifiers. The signal from each TXRU is, therefore,
fed to the underlying physical elements with corresponding
virtualization weights (interchangeably referred to as downtilt
weights in this article) to focus the transmitted wavefront in
the direction of the targeted user.
The third stage is the application of the antenna element ra-
diation pattern. A signal transmitted from each active antenna
element will have a directional radiation pattern. This signal
processing model is illustrated in Fig. 5.
In order to enable practical design of elevation beamforming
techniques through the optimization of applied virtualization
weight functions, it is important to understand the antenna
array configuration and the TXRU architectures proposed in
the 3GPP for FD-MIMO technology. This is the subject of this
section. The important terms used in this section have been
defined in Table I.
A. Antenna Array Configuration
Unlike conventional MIMO systems utilizing passive an-
tenna elements with omnidirectional radiation of energy, sys-
tems utilizing active antenna elements can control the gain,
downtilt and HPBW of the beam transmitted from each TXRU
dynamically by adjusting the amplitude and phase weights
applied to the elements within it. Arranging these active
antenna elements in a 2D array allows for the dynamic adap-
tation of the radiation pattern in both azimuth and elevation
planes, making it possible to control the radio wave in the 3D
space. This type of wave control mechanism allowed by FD-
MIMO is referred to as 3D beamforming, and FD-MIMO is
also interchangeably known as 3D-MIMO. Since the radiation
pattern of each TXRU depends on the number of antenna
elements within it, the inter-element spacing and the applied
weights, the AAS should be modeled at an element-level.
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Fig. 5. Signal processing model for FD-MIMO precoding.
TABLE I
IMPORTANT DEFINITIONS
Term Definition
Active antenna system (AAS) A system which combines a passive antenna element array with an active transceiver unit array.
Antenna element A single physical radiating element with a fixed radiation pattern.
Radiation pattern The angular distribution of the radiated electromagnetic field in the far field region.
Antenna array A group of antenna elements characterized by the geometry and the properties of the
individual elements.
Transceiver unit array An array of transceiver units that generate/accept radio signals in the Tx/Rx directions.
Transceiver unit (TXRU) A transmitter/receiver mapped to a group of antenna elements that Tx/Rx
the same data symbol.
TXRU virtualization model Model that defines the relation between the signals at the TXRUs and the signals
at the antenna elements.
Array factor The radiation pattern of an array of antenna elements when each element is considered to
radiate isotropically.
Downtilt angle, θtilt The elevation angle between the direction of the maximum antenna gain and the eˆz direction.
Horizontal scan angle, φscan The azimuth angle between the direction of the maximum antenna gain and the eˆx direction.
Vertical virtualization (downtilt) weights, w The weights applied to vertically arranged elements in a TXRU to steer the beam
at a particular downtilt value given by θtilt.
Horizontal virtualization weights, v The weights applied to horizontally arranged elements in a TXRU to steer the beam
at a particular value of φscan.
Antenna gain (in a given direction), G The ratio of the radiation intensity, in a given direction, to the radiation intensity if
antenna radiated isotropically.
Horizontal half power beam-width (HPBW), φ3dB The azimuth angular separation in which the magnitude of the radiation pattern
decreases by one-half (3dB).
Vertical HPBW, θ3dB The elevation angular separation in which the magnitude of the radiation pattern
decreases by one-half (3dB).
Front-to-back ratio, Am The ratio of maximum gain of an antenna to its gain in a specified rearward direction.
Side-lobe attenuation, SLA The maximum value of the side-lobes in the radiation pattern (away from the main lobe).
FD-MIMO systems utilize a 2D planar uniformly spaced an-
tenna element array model. The configuration is represented by
(M,N,P ), where M is the number of antenna elements with
the same polarization in each column along the eˆz direction,
N is the number of columns placed at equidistant positions
in the eˆy direction and P is the number of polarization di-
mensions, with P = 1 for co-polarized system and P = 2 for
dual-polarized system. The resulting configuration for cross-
polarized antenna elements including indices for co-polarized
antenna elements is shown in Fig. 6. The inter-element spacing
is represented by dH in the horizontal direction and dV in the
vertical direction.
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Fig. 6. 2D antenna array system.
Each antenna element has a directional radiation pattern
in the vertical and horizontal directions. The combined 3D
radiation pattern of an individual antenna element is given in
the 3GPP as [36], [41],
AE(φ, θ) = Gmax,E −min{−(AE,H(φ) +AE,V (θ)), Am},
(1)
where,
AE,H(φ) = −min
[
12
(
φ
φ3dB
)2
, Am
]
dB, (2)
AE,V (θ) = −min
[
12
(
θ − 90o
θ3dB
)2
, SLAv
]
dB, (3)
where φ and θ are the azimuth and elevation angles re-
spectively, Gmax,E=8dBi is the maximum directional antenna
element gain, φ3dB = 65o and θ3dB = 65o are the horizontal
and vertical HPBWs respectively, Am = 30dB is the front-
to-back ratio and SLAv = 30dB is the side lobe attenuation
in the vertical direction. The azimuth angles are defined from
0 to 2pi from the eˆx direction and the elevation angles are
defined from 0 to pi, from the eˆz direction as shown in Fig. 6.
B. Transceiver Unit
A transceiver unit (TXRU) refers to a group of antenna
elements that Tx/Rxs the same data symbol. To realize the
electronic downtilt feature, it is desirable to map a TXRU
to K vertically arranged co-polarized antenna elements, with
the same signal fed to these elements with corresponding
weights to tilt the wavefront transmitted from that TXRU in the
targeted direction. Two values of K were initially considered
by the 3GPP TSG-RAN Work Group (WG) 1 in its studies
on FD-MIMO; first was to choose K = 1 in which case the
number of TXRUs per column will be equal to M and second
was to choose K = M , in which case each column of elements
in Fig. 6 will correspond to one TXRU. The two cases have
been illustrated in Fig. 7 and Fig. 8 respectively. Note that
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Fig. 7. TXRU structure with K = 1.
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Fig. 8. TXRU structure with K =M .
in the former, each element acts as a TXRU and carries a
different data symbol, x, but does not support any beam-tilt
feature. The MU-MIMO precoding is performed across all
the elements resulting in high spatial multiplexing gains but
also requiring high-dimension CSI acquisition. In the latter,
the whole column of elements act as a TXRU, with the same
symbol fed to the elements within a TXRU with corresponding
weights wk(θtilt), k = 1, . . . ,K, to focus the radiation pattern
in the targeted users’ direction. The narrow beamwidth of
the transmitted beams results in better spatial separation of
the users. The MU-MIMO precoding is performed across a
reduced number of TXRUs in this case.
The overall radiation pattern of a TXRU is essentially a
superposition of the individual element radiation pattern in
(1) and the array factor for the whole TXRU, wherein the
array factor takes into account the downtilt weights and the
array responses of the elements in that TXRU. The exact
antenna radiation pattern in dB for a TXRU/port comprising
of K vertically arranged elements, denoted as AEP (φ, θ, θtilt),
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is given by,
AEP (φ, θ, θtilt) = AE(φ, θ) + 20 log10 |AF (θ, θtilt)|, (4)
where AE(φ, θ) is given by (1) and AF (θ, θtilt) is the array
factor for the column of elements in a TXRU computed as,
AF (θ, θtilt) =
K∑
k=1
wk(θtilt) exp (ikt.xt,k) , (5)
where . is the scalar dot product, xt,k is the location vector of
the kth antenna element and kt is the Tx wave vector.
It is also important to highlight here that the relationship
of the HPBW of an antenna port with K and dV is given as
[98],
θ3dB,P ≈ 2
[
pi
2
− cos−1
(
1.391λ
piKdV
)]
. (6)
Also at θ = 0, φ = 0 and θtilt = 90o, the maximum directional
antenna port gain is given as follows [98],
Gmax,P = Gmax,E + 20 log10
√
K. (7)
This implies that the vertical HPBW is inversely related to the
number of antenna elements in a TXRU and the inter-element
separation. Therefore in FD-MIMO systems, it is preferred to
work with the K = M setting shown in Fig. 8, since higher K
can realize narrower vertical beams resulting in better spatial
separation of the users, which is the main objective of elevation
beamforming.
The following subsection will introduce more details on the
different ways of mapping TXRUs to antenna elements, as
proposed in the 3GPP TR36.897.
C. Transceiver Architectures
In FD-MIMO systems, each TXRU is mapped to a column
of antenna elements arranged in the vertical direction using
a well-designed mapping function. Balancing the tradeoff
between cost and performance, the 3GPP TR36.897 has pro-
posed some TXRU architectures and defined the corresponding
TXRU virtualization weights functions to realize different
elevation beamforming scenarios.
A TXRU model configuration corresponding to an an-
tenna array model configuration (M,N,P ) is represented by
(MTXRU , N, P ), where MTXRU is the number of TXRUs
per column per polarization dimension such that,
MTXRU ≤M. (8)
A TXRU is only associated with antenna elements having the
same polarization. The total number of TXRUs Q is therefore
equal to MTXRU ×N × P .
TXRU virtualization model:
A TXRU virtualization model defines the relation between
the signals at the TXRUs and the signals at the antenna
elements. Two virtualization methods have been introduced
in TR36.897: 1D TXRU virtualization and 2D TXRU
virtualization. Both are summarized below.
Data symbol
TXRU M
TXRU
Data symbol
TXRU 1
x q
Element 1
Element M
Fig. 9. Sub-array partition model for 1D TXRU virtualization. There will be
N such columns.
1) 1D TXRU Virtualization: The following notations will be
used in describing this method. q = [q1, q2, . . . , qM ]T is a Tx
signal vector at the M co-polarized antenna elements within
a column, w = [w1, w2, . . . , wK ]T is the TXRU virtualization
weight vector and x = [x1, x2, . . . , xMTXRU ]T is a TXRU
signal vector at MTXRU TXRUs.
In this method, MTXRU TXRUs are associated with only
the M co-polarized antenna elements that comprise a column
in the array. Accounting for N such columns and dual-
polarized configuration, the total number of TXRUs is given
as Q = MTXRU × N × P . The main architecture proposed
for this method is the sub-array partition model.
In this model, M co-polarized antenna elements comprising
a column are partitioned into groups of K elements. Therefore,
MTXRU = M/K as shown in Fig. 9, for one column of
vertically polarized antenna elements. Note that there will be
N such columns. The model is defined as,
q = x⊗ w, (9)
where the same TXRU virtualization weight vector w =
[w1, w2, . . . , wK ]
T is applied to all TXRUs. The 3GPP allows
the use of any unit norm weight vector that can realize the
desired elevation beamforming scenario, with one proposed
expression given as [36],
wk =
1√
K
exp
(
− i2pi
λ
(k − 1)dV cos(θtilt)
)
, (10)
for k = 1, . . . ,K, where θtilt is the electric downtilt angle.
Another architecture for 1D virtualization, referred to as the
full-connection model, has also been introduced in TR36.897,
where the signal output of each TXRU associated with a
column of co-polarized antenna elements is split into M
signals, which are then precoded by a group of M phase
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shifters. The MTXRU weighted signals are combined at each
antenna element. However, this architecture has not been stud-
ied yet in context of elevation beamforming in both industry
and academia. Some discussion on it with reference to CSI
transmission and feedback can be found in [45].
2) 2D TXRU Virtualization: The following notations will
be used in describing this method. q is a Tx signal vector
at the MN elements associated with same polarization, w =
[w1, w2, . . . , wK ]
T is the TXRU virtualization weight vector
in the vertical direction, v = [v1, v2, . . . , vL]T is the TXRU
virtualization weight vector in the horizontal direction and
x = [x1,1, x2,1, . . . , xMTXRU ,1, x1,2, . . . , xMTXRU ,NTXRU ]T is
a TXRU signal vector at MTXRUNTXRU TXRUs.
A 2D TXRU virtualization model considers MTXRU
TXRUs in the vertical direction and NTXRU TXRUs in the
horizontal direction associated with the antenna elements of
same polarization. The total MTXRUNTXRU TXRUs can be
associated with any of the MN co-polarized antenna elements.
If dual-polarized antenna elements are virtualized, the total
number of TXRUs is Q = MTXRUNTXRUP . Again, the
main architecture proposed for this method is the sub-array
partition model.
In this model, MN antenna elements associated with each
polarization are partitioned into rectangular arrays of K × L
elements, where K=M/MTXRU and L=N/NTXRU . The re-
sulting architecture for vertically polarized antenna elements
is shown in Fig. 10. The length of the vertical virtualization
weight vectors denoted as wm′ , m′ = 1, . . . ,MTXRU is K
and the length of the horizontal virtualization weight vectors
denoted as vn′ , n′ = 1, . . . , NTXRU is L. Note that these
virtualization weight vectors can be different for different
TXRUs. The 2D subarray partition model is defined as,
qm′,n′ = xm′,n′ × (vn′ ⊗ wm′), (11)
where qm′,n′ is the KL×1 vector of the signals at the antenna
elements constituting the (m′, n′) TXRU, wm′ is the K × 1
weight vector for the m′th TXRU in the vertical direction with
each entry given as,
wm′,k =
1√
K
exp
(
− i2pi
λ
(k − 1)dV cos(θtilt,m′)
)
, (12)
for k = 1, . . . ,K, and vn′ is the L× 1 weight vector for the
n′th TXRU in the horizontal direction with each entry given
as,
vn′,l =
1√
L
exp
(
− i2pi
λ
(l − 1)dH sin(φscan,n′)
)
, (13)
for l = 1, . . . , L, where φscan,n′ is the horizontal steering
angle for the n′th TXRU in the azimuth plane. The 2D
virtualization method therefore allows control over the radio
wave in both the vertical and horizontal directions through
θtilt and φscan respectively. Note that the 3GPP also gives the
option of using other unit norm TXRU virtualization weight
vectors instead of the expressions presented above.
The full connection model has also been introduced for 2D
virtualization in TR36.897, where the signal output of each
TXRU associated with co-polarized antenna elements, is split
into MN signals, which are then precoded by a group of
MN phase shifters. The MTXRUNTXRU weighted signals are
combined at each antenna element. However, this architecture
has not been studied yet in context of elevation beamforming,
so it is hard to comment on its practical performance benefits
as compared to the sub-array partition model.
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Fig. 10. Sub-array partition model for 2D TXRU virtualization.
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TABLE II
COMPARISON OF 1D AND 2D VIRTUALIZATION METHODS.
1D Virtualization 2D Virtualization
• Each TXRU mapped to co-polarized antenna
elements in the vertical direction only.
• Control over the downtilt angle only.
• Each TXRU mapped to co-polarized antenna
elements in vertical and horizontal directions.
• Control over both the downtilt and horizontal
scan angles.
Architectures
• Sub-Array Partition
– Signal from each TXRU fed to an independent group of co-polarized antenna elements.
– Mapping defined by weight vectors.
• Full Connection
– Signal from each TXRU fed to all co-polarized antenna elements.
– Mapping defined by a weight matrix.
Antenna port 1 
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Fig. 11. 1D TXRU virtualization with sub-array partition for M=K.
The key differences between the 1D and 2D virtualization
methods have been summarized in Table II. It is expected
that these two virtualization methods and the corresponding
architectures will have different tradeoffs, in terms of hard-
ware complexity and cost, power efficiency and performance.
Detailed discussion on these tradeoffs will take place in the
future 3GPP meetings.
The TXRU virtualization weight vectors need to be adapted
dynamically to realize different elevation beamforming scenar-
ios. Due to the lack of literature available on TXRU virtual-
ization models, the optimization of the vertical and horizontal
weight functions has not been a subject of theoretical works on
elevation beamforming so far, with the only exceptions being
[50], [99]. This section made an attempt to bridge this gap be-
tween the 3GPP and academia by introducing different TXRU
architectures and corresponding example weight functions that
can be optimized in future works to realize desired elevation
beamforming scenarios.
Over the course of this tutorial, we will develop elevation
beamforming schemes for the 1D TXRU virtualization model
with sub-array partition. This configuration for M = K
vertically polarized antenna elements is shown in Fig. 11.
Note that we consider one-to-one mapping between ports and
TXRUs, so both terms will be used inter-changeably. The
digital precoding is performed across the antenna ports and
analog beamforming is performed across the elements in each
antenna port. The analysis and discussions provided in subse-
quent sections can be extended to other TXRU architectures
as well.
In order to support the performance evaluation of the AAAs,
we need a 3D SCM that not only takes into account both the
azimuth and elevation angles of the propagation paths but also
incorporates the 3D radiation patterns of the active antenna
elements. The next section will present two approaches that
have been proposed in the standards and academia to model
the 3D channel based on the ray-tracing method.
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IV. 3D CHANNEL MODELING
The SCM developed over the years as a result of the
standardization efforts in the 3GPP [100] and WINNER [38]
initiatives is a 2D SCM, which ignores the elevation angles of
the propagation paths for simplicity. It also does not account
for the directional antenna radiation patterns, which are a
characteristic feature of the active antenna elements. The 2D
SCM still remains widely used in academia as well as industry
for the performance analysis of MIMO technologies. The
evaluation of FD-MIMO techniques, however, requires a 3D
channel model. Over the recent years, significant efforts have
been made in the 3GPP to get accurate 3D channel models that
support the elevation dimension and account for directional
radiation patterns of the active antenna elements. The resulting
standardized models follow a ray-tracing approach where the
channel between the BS and each user is expressed explicitly
as a function of the propagation paths and the associated
physical parameters. The efforts made in the 3GPP resulted
in two different 3D channel modeling approaches that have
been studied and utilized in literature on FD-MIMO - the
antenna port approach and the antenna element approach. The
main literature related to their development has already been
discussed in section II-B. In this section, we will provide a
brief introduction on the method of 3D channel coefficient
generation in the 3GPP standard, which is common to both
approaches and then present and compare the two 3D ray-
tracing SCMs.
A. Standardized Channel Model
Most standardized channels like the 3GPP SCM [100],
ITU [40] and WINNER [38] follow a system-level, stochastic
channel modeling approach, based on the generation of large
scale and small scale parameters defined as:
Large scale parameters: Random correlated variables drawn
from given statistical distributions and specific for each user,
that describe the propagation paths at a macroscopic level.
These statistical parameters include delay spread (DS), angular
spread (AS), and shadow fading (SF).
Small scale parameters: Physical parameters, including pow-
ers, delays and angles of the propagation paths, that describe
the channel at a microscopic level.
In the standardized models, the propagation paths are de-
scribed using large-scale parameters without being physically
positioned. These large scale parameters serve to generate the
power, delay and angles of each path, referred to as small-
scale parameters. The 3GPP 2D SCM uses three large scale
parameters - the DS, the azimuth spread at departure (ASD)
and the SF. To these large scale parameters, WINNER II and
ITU added the azimuth spread at arrival (ASA) and the Rician
factor.
In a 3D SCM, each propagation path has to be modeled
with both azimuth and elevation angles. For this purpose, the
elevation domain large-scale parameters as well as the statis-
tical distribution of the elevation angles need to be introduced
to extend the existing 2D SCM to the third dimension. A
double exponential (or Laplace) distribution is proposed in
WINNER+ for the generation of elevation angles. The ESD
y
Sub-path m
tilt
Antenna boresight
 
Cluster n
BS antenna
MS antenna
Fig. 12. 3D propagation environment.
for the generation of elevation angles follows a log normal
distribution. Height and distance dependent expressions have
been introduced for the mean and variance of the ESD in [41].
However, measurement campaigns are still going on to finalize
the modeling of these parameters. At present, the WINNER+
and the 3GPP TR36.873 account for 7 large scale parameters
by including the ESD and the elevation spread at arrival (ESA).
The 3D SCM introduced in the 3GPP TR36.873, like its 2D
counterpart, is a composite of N¯ propagation paths, referred to
as clusters. The n¯th cluster is characterized by the delay, angle
of departure (AoD) (φn¯, θn¯), AoA (ϕn¯, ϑn¯) and power. Each
cluster gives rise to M¯ unresolvable sub-paths, which have the
same delay as the original cluster and are characterized by the
spatial angles (φn¯,m¯, θn¯,m¯) and (ϕn¯,m¯, ϑn¯,m¯), m¯ = 1, . . . M¯n¯,
where,
θn¯,m¯ = θn¯ + cθαm¯, (14)
φn¯,m¯ = φn¯ + cφαm¯, (15)
ϑn¯,m¯ = ϑn¯ + cϑαm¯, (16)
ϕn¯,m¯ = ϕn¯ + cϕαm¯, (17)
where αm¯ is a set of symmetric fixed values and cθ, cφ, cϑ
and cϕ control the dispersion inside the cluster n¯. The 3D
propagation environment is illustrated in Fig. 12.
The channel between BS antenna s and mobile station (MS)
antenna u corresponding to the n¯th cluster is then given by,
[H]su,n¯(t) =
√
10−(PL+σSF )/10
√
Pn¯/M¯n¯
M¯n¯∑
m¯=1
gr(ϕn¯,m¯, ϑn¯,m¯)
T
×αn¯,m¯gt(φn¯,m¯, θn¯,m¯)[ar(ϕn¯,m¯, ϑn¯,m¯)]u[at(φn¯,m¯, θn¯,m¯)]s
× exp(i2pivn¯,m¯t), (18)
where Pn¯ is the power of the n¯th cluster and vn¯,m¯ is the
Doppler frequency component for the user corresponding to
the m¯th subpath in n¯th cluster. Also, PL and σSF denote the
loss incurred in path loss and shadow fading respectively in
dB. If polarization is taken into account, α is a 2× 2 matrix,
describing the coupling between the vertical and horizontal
polarizations as,
αn¯,m¯ =
 exp(iΦθ,θn¯,m¯) √κ−1n¯,m¯ exp(iΦθ,φn¯,m¯)√
κ−1n¯,m¯ exp(iΦ
φ,θ
n¯,m¯) exp(iΦ
φ,φ
n¯,m¯),
 (19)
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Fig. 13. Generation of the 3GPP TR36.873 3D channel.
where κn¯,m¯ is the cross-polarization power ratio (XPR) and
Φθ,θn¯,m¯, Φ
θ,φ
n¯,m¯, Φ
φ,θ
n¯,m¯ and Φ
φ,φ
n¯,m¯ are the random initial phases
for subpath m¯ of cluster n¯. The diagonal elements of this
matrix characterize the co-polarized phase response while the
off-diagonal elements characterize the cross-polarized phase
response. If polarization is not considered, the matrix is
replaced by a scalar exp(iΦn¯,m¯).
Also gt(φn¯,m¯, θn¯,m¯) and gr(ϕn¯,m¯, ϑn¯,m¯) are the radiation
patterns of the Tx and Rx antennas respectively. When polar-
ization is considered, these are 2×1 vectors, whose entries rep-
resent vertical and horizontal field patterns. Moreover, vectors
at(φn¯,m¯, θn¯,m¯) and ar(ϕn¯,m¯, ϑn¯,m¯) are the array responses of
the Tx and Rx antennas respectively whose entries are given
by,
[at(φn¯,m¯, θn¯,m¯)]s = exp(ikt,n¯,m¯.xt,s), (20)
[ar(ϕn¯,m¯, ϑn¯,m¯)]u = exp(ikr,n¯,m¯.xr,u), (21)
where . is the scalar product, xt,s and xr,u are the location
vectors of the sth Tx antenna and the uth Rx antenna re-
spectively, kt,n¯,m¯ and kr,n¯,m¯ are the Tx and Rx wave vectors
corresponding to the m¯th subpath in n¯th cluster respectively,
where kn¯,m¯ = 2piλ vˆn¯,m¯, with λ being the carrier wavelength
and vˆn¯,m¯ being the direction of wave propagation.
Remark: The channel model in (18) is for the NLoS case. If
the user is in the LoS of the BS, then the first cluster contains
the LoS contribution of the channel. In this case, the Rician
factor is introduced and the channel response corresponding
to the first cluster is the scaled sum of the NLoS channels
constituted by the M¯1 sub-paths and the LoS channel. More
details on this can be found in [62].
The generation of the channel in the 3GPP TR36.873 fol-
lows broadly the steps illustrated in Fig. 13. For each user, the
path loss and large scale parameters including DS, ESD, ESA,
ASD, ASA, SF and Rician factor are generated according
to the statistical distributions outlined in TR36.873. These
large scale parameters are then used to generate small scale
parameters for each propagation path including powers, delays,
AoDs, AoAs and XPRs. The antenna pattern is generated
for each set of angles using (1). Finally, the 3D channel
coefficient is generated using (18). The complete outline of
the standardized channel coefficient generation can be found
in [Fig. 7.3-1 [41]].
The next sections outline the antenna port approach and the
antenna element approach towards 3D channel modeling for
the 1D sub-array TXRU architecture shown in Fig. 11.
B. Antenna Port Approach towards 3D Channel Modeling
The pioneer works on 3D channel modeling consider the
channel directly between the antenna ports instead of between
the physical antenna elements constituting these ports [13],
[48], [62], [71], [101], utilizing the approximate antenna port
radiation pattern expressions from 3GPP TR36.814 and ITU
[40], [42]. The motivation behind this approach is that the
antenna elements constituting a port carry the same signal
with corresponding weights to achieve the desired downtilt
angle, so every port appears as a single antenna at the MS.
The channel of interest is therefore between the transmitting
BS antenna port and the MS. This approach does not consider
the contributions of the individual antenna elements and the
downtilt weights applied to these elements in determining the
3D antenna port radiation pattern. In fact, it abstracts the
role played by the elements constituting a port in performing
the downtilt by approximating the vertical dimension of the
antenna radiation pattern of each port by a narrow beam in
the elevation plane.
The combined 3D antenna port radiation pattern approxi-
mated in ITU in dB is as follows,
AP (φ, θ, θtilt) = Gmax,P −min{−(AP,H(φ) +AP,V (θ, θtilt)),
Am}, (22)
where,
AP,H(φ) = −min
[
12
(
φ
φ3dB,P
)2
, Am
]
dB,
AP,V (θ, θtilt) = −min
[
12
(
θ − θtilt
θ3dB,P
)2
, Am
]
dB, (23)
where Gmax,P = 17dBi is the maximum directional antenna
port gain, Am = 20dB is the front-to-back ratio, φ3dB,P
is the horizontal 3dB beamwidth that equals 70o, θ3dB,P
is the vertical 3dB beamwidth that equals 15o and θtilt is
the downtilt angle of the antenna boresight. This approach,
despite its simplicity, poses a challenge when cross-polarized
antenna elements are considered, because the standards do not
provide a method for deducing the field patterns along the
horizontal and vertical polarizations from the global antenna
port pattern. To circumvent this problem, 3GPP TR36.814
proposes to decompose the global pattern of a port, composed
of antenna elements that are slanted perpendicular to the
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boresight direction by an angle β, along the horizontal and
vertical polarizations as,
gP (φ, θ, θtilt) = [
√
AP (φ, θ, θtilt)|lin cosβ,√
AP (φ, θ, θtilt)|lin sinβ]. (24)
This decomposition is used to compute the vectors
gt(φn¯,m¯, θn¯,m¯) and gr(ϕn¯,m¯, ϑn¯,m¯), which are then plugged
in (18) to return the 3D channel coefficient between BS
antenna port s and MS antenna u, under the ITU approach.
It is important to note that this approximation does not hold
in practice and to determine the correct decomposition of the
global field pattern of an antenna port along horizontal and
vertical polarizations, one has to know the exact architecture
of the antenna port, i.e. the number of elements constituting
a port, the inter-element separation and the applied downtilt
weights. This information is missing in the antenna port ap-
proach based models. However, this approach remains widely
used in existing works on elevation beamforming due to its
simplicity arising from the fact that the channel is directly a
function of the downtilt angle of each port through (23) [28],
[53], [55]–[59].
C. Antenna Element Approach towards 3D Channel Modeling
In order to allow for realistic and accurate design of
3D beamforming techniques, the channel between individual
antenna elements should be considered. In theory, the global
radiation pattern of an antenna port depends on the positions
and number of the elements within it, the individual patterns of
these elements and the applied weights. Mathematically, it is
represented as a superposition of the antenna element radiation
pattern and the array factor for that port, where the individual
element radiation pattern is given by (1) and the array factor
will depend on the TXRU architecture considered.
In order to highlight the difference between the two channel
modeling approaches, consider the 1D TXRU virtualization
model with sub-array partition, as shown in Fig. 11. Here, the
M ×N array response matrix At(φ, θ) is considered instead
of the N×1 array response vector in (20). This array response
matrix is given as [33],
At(φ, θ) = [at,1(φ, θ)at,2(φ, θ) . . . at,N (φ, θ)], (25)
where,
[at,s(φ, θ)]m = exp(ikt.xt,m,s), m = 1, . . . ,M, (26)
where . is the scalar dot product, xt,m,s is the location vector
of the mth antenna element in the sth Tx antenna port, and
kt is the Tx wave vector.
For the antenna configuration shown in Fig. 11, (26) will
be given by,
[at,s(φ, θ)]m = exp
(
i2pi
(
(s− 1)dH
λ
sinφ sin θ
+ (m− 1)dV
λ
cos θ
))
, (27)
where dH is the horizontal separation between the antenna
ports and dV is the vertical separation between the antenna
elements, with the phase reference at the origin.
Consider a ULA of antenna elements utilized at the MS.
The effective 3D channel between the BS antenna port s and
the MS antenna element u corresponding to cluster n¯ is a
weighted sum of the channels constituted by the M elements
inside port s to MS antenna element u as,
[H]su,n¯(t) =
M∑
m∈port s
wm(θtilt)[H]mu,n¯(t), (28)
where wm(θtilt) is the downtilt weight applied to the element
m in port s calculated using (10) and [H]mu,n¯(t) is the 3D
channel between antenna element m in port s at the BS and
the MS antenna element u, corresponding to cluster n¯.
Utilizing (18) and the array response matrix just developed,
the FD channel between the BS antenna port s and the MS
antenna element u corresponding to the n¯th cluster can be
written as,
[H]su,n¯(t) =
√
10−(PL+σSF )/10
√
Pn¯/M¯n¯
M∑
m=1
wm(θtilt)
M¯n¯∑
m¯=1
gE,r(ϕn¯,m¯, ϑn¯,m¯)
Tαn¯,m¯gE,t(φn¯,m¯, θn¯,m¯)[at,s(φn¯,m¯, θn¯,m¯)]m
× [ar(ϕn¯,m¯, ϑn¯,m¯)]u exp(i2pivn¯,m¯t), (29)
[H]su,n¯(t) =
√
10−(PL+σSF )/10
√
Pn¯/M¯w(θtilt)T
M¯n¯∑
m¯=1
gE,r(ϕn¯,m¯, ϑn¯,m¯)
Tαn¯,m¯gE,t(φn¯,m¯, θn¯,m¯)at,s(φn¯,m¯, θn¯,m¯)
× [ar(ϕn¯,m¯, ϑn¯,m¯)]u exp(i2pivn¯,m¯t), (30)
where w(θtilt) = [w1(θtilt), w2(θtilt), . . . , wM (θtilt)]T . For
cross-polarized antenna elements, gE,r and gE,t are obtained
by decomposing the global antenna element radiation pattern
in (1) along the vertical and horizontal polarizations, using a
similar decomposition as (24).
This new channel representation is obtained by performing
a sum over the channels constituted by individual elements
in antenna port s and is different from the ‘antenna port
approach’ based standardized models, where the channel is
directly characterized between the ports.
D. Comparison of the Antenna Port Radiation Pattern for both
Approaches
The overall radiation pattern of a port in Fig. 11 using the
antenna element approach is essentially a superposition of the
individual element radiation pattern and the array factor for
the whole port, wherein the array factor takes into account
the downtilt weights and the array responses of the elements
in that port as discussed in section III-B. The antenna port
approach, on the other hand, abstracts the role played by
the antenna elements to perform downtilt by approximating
the pattern of the whole port with a narrow beam in the
elevation through equations (22) and (23). In reality, the global
antenna port radiation pattern approximated by the antenna
port approach might vary significantly from the actual pattern
obtained using the antenna element approach.
To illustrate this, we compare the antenna port radiation
pattern using the two approaches for vertically polarized
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Fig. 14. Comparison of the antenna port radiation pattern for the element
approach and the port approach
antenna elements, i.e. β = pi/2. For the antenna port approach,
gP,t(φ, θ, θtilt) =
√
AP (φ, θ, θtilt)|lin, where AP (φ, θ, θtilt) is
given by (22).
For the antenna element approach, the exact antenna port
radiation pattern in dB, denoted as AEP (φ, θ, θtilt), is given by
(4) where AF (θ, θtilt) is computed as,
AF (θ, θtilt) =
M∑
m=1
wm(θtilt) exp
(
i2pi(m− 1)dV
λ
cos θ
)
.
(31)
We now compare the antenna port radiation pattern for
both approaches through simulations using the values from
the 3GPP report [36] for the element approach and the ITU
report [40] for the port approach. AEP (φ, θ, θtilt) is plotted at
φ = 0o for NE = 8 and dV /λ = 0.8 in Fig. 14. The weights
are calculated using (10) for θtilt = 90o. We also plot on the
same figure, the approximate antenna port radiation pattern
AP (φ, θ, θtilt) in (22) at φ = 0o using the 3dB beamwidth
proposed in ITU as θ3dB,P = 15o. It can be seen that the
antenna port approach discards the side lobes in the radiation
pattern. Also, the 3dB beamwidth proposed in ITU is not
applicable to any generic port. For example, for a port with 8
elements placed at 0.8λ spacing, 15o is too large.
Despite of its approximate nature, the port approach is
still very popular in theoretical works on 3D beamforming
due to its simplicity. However, some attention must be paid
to the value of the 3dB beamwidth chosen to approximate
the main lobe of the vertical radiation pattern in order to
minimize the errors incurred as a result of this approximation.
In other words, the port approach can closely match the
element approach if the values of θ3dB,P and Gmax,P in (22)
are calculated utilizing the actual values of the number of
elements M and the inter-element separation dV used in the
construction of the port.
For an antenna port constructed using M = 8 antenna
elements with dV = 0.8λ as proposed in 3GPP TR36.897
[36], the values of Gmax,P and θ3dB,P are calculated using
(6) and (7) to be 17dBi and 7.9341o respectively. Using
these values, the antenna port radiation pattern approximated
by the port approach in (22) is again plotted in Fig. 14 at
φ = 0o and θtilt = 90o. Both approaches now have the same
θ3dB = 7.9341
o. However, the antenna port approach still
ignores the sidelobes in the antenna port radiation pattern,
which can result in misleading insights especially in scenarios
where the elevation angular spread is high.
If simplicity in analysis is preferred, then the researchers can
resort to the antenna port approach as long as the propagation
scenario considered does not have rich scattering conditions
and the correct values of HPBW and maximum directional
gain are utilized using (6) and (7). In order to see some
examples of how this approach is utilized in devising elevation
beamforming schemes, the readers are referred to [28], [53],
[55]–[59].
In practice elevation beamforming is performed by control-
ling the downtilt weights applied to the elements in the AAS
at the BS. The proponents of antenna port approach may argue
that the optimal tilt angle can be found utilizing (22) and this
tilt can then be used to compute the weight function in (10) to
simulate the performance using the antenna element approach
based channel representation in (29). However, optimizing the
weight functions directly provides more degrees of freedom in
controlling the vertical radiation pattern of a port. In fact, the
expression in (10) is just an example downtilt weight vector
provided by the 3GPP to form narrow beams in the elevation.
The 3GPP TR36.897 gives the option of using other unit norm
weight vectors that can be directly optimized to increase the
energy at desired users and create nulls at interfering users in
the same or other cells. To perform such optimization tasks,
it is important to resort to the antenna element approach that
shows dependence on the downtilt weights.
This section basically summarized the 3D ray-tracing SCMs
developed for the evaluation of FD-MIMO techniques. How-
ever, the high correlation in FD-MIMO arrays gives the
alternate option of utilizing the correlation based 3D channel
models for the better and easier design and analysis of
elevation beamforming schemes. This will be the subject of
the next section.
V. SPATIAL CORRELATION AND ASSOCIATED MODELS
While a compact 2D planar array benefits from the arrange-
ment of a large number of antenna elements within feasible BS
form factors, it also reduces the effective spacing between the
antenna elements. Moreover, the reported values of elevation
angular spread are much smaller than those for the azimuth
angular spread in realistic propagation environments. Both
these factors result in the elements of FD-MIMO array to
be highly correlated. It is imperative to characterize and take
into account this spatial correlation to realistically evaluate the
performance gains realizable through elevation beamforming
techniques.
A. Significance in Massive MIMO Analysis
It is well known that spatial correlation is detrimental to
the performance of MIMO systems and large capacity gains
can only be realized when the sub-channels constituted by
the elements of the antenna array are potentially decorrelated
[102], [103]. While this is always true for point-to-point
MIMO communications [77], [78], spatial correlation can
actually be beneficial in multi-user MIMO settings, where it is
the collection of the correlation matrices of all the users that
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determines the system performance. The users are generally
separated by multiple wavelengths resulting in uncorrelated
channels across the users. While each user can experience
high spatial correlation within its channel vector, the cor-
relation matrices are generally quite different for different
users. As a consequence, it has been shown in [79] that for
mutually orthogonal channel vectors, each user gets the full
array gain proportional to N . Spatial correlation can therefore
be beneficial in massive MIMO scenarios if the users have
sufficiently different spatial correlation matrices. This has also
been demonstrated for small-scale multi-user MIMO systems
in [104]–[106].
The high correlation in FD-MIMO arrays can not only
improve the performance of multi-user massive MIMO sys-
tems but also reduce the CSI feedback overhead incurred
in the implementation of elevation beamforming techniques.
This is possible through the design of elevation beamforming
schemes using these so-called 3D correlated channel models
that depend on the quasi-static spatial channel covariance
matrices of the users, instead of the small-scale parameters
that vary instantaneously.
The ray-tracing channel model discussed in Section IV is
one way to generate correlated FD-MIMO channels. However,
the explicit dependence of this channel on the number of
paths and associated small-scale parameters (AoDs, AoAs,
powers) makes the theoretical analysis of this model generally
intractable. Using the developed SCFs from existing works, the
Kronecker channel model can be formed and utilized instead,
which is defined as [107], [80], [108],
H =
√
10−(PL+σSF )/10R
1
2
MSXR
1
2
BS , (32)
where X is a OxN matrix with i.i.d. zero mean, unit variance
complex Gaussian entries, N is the number of Tx antenna
ports, O is the number of Rx antenna ports, and RMS and
RBS are O ×O and N ×N channel covariance matrices for
the antenna ports at the MS and the BS respectively.
In multi-user MISO settings, where the user is equipped
with a single isotropic Rx antenna element, the Kronecker
model is represented by the Rayleigh correlated channel model
given as [81],
h =
√
10−(PL+σSF )/10R
1
2
BSz, (33)
where z has i.i.d. zero mean, unit variance complex Gaussian
entries and RBS is the user’s channel covariance matrix.
The main limitation of these models as compared to the
3GPP based ray-tracing channel model in section IV is the
loss of information on the number of propagation paths. The
rank structure of MIMO channel matrix not only depends on
the correlation within its elements but also on the structure
of scattering in the propagation environment. It is possible
to have a rank deficient channel matrix even if the fading is
decorrelated at both ends due to mild scattering conditions.
This phenomenon is known as the pinhole or keyhole effect
[109], [110] and causes discrepancies between the results
obtained using (32) and (18). However, it was shown in [48]
that the effect of this phenomenon diminishes as N¯ →∞.
Elevation beamforming schemes can be designed theoreti-
cally using these correlation based models with the help of
tools from random matrix theory (RMT) that are quite useful
in the large antenna regime. The implementation of these
schemes will require the estimation of large-scale parameters
only instead of the full channel vectors since beamforming is
performed using the quasi-static channel covariance matrices
of the users. The digital beamforming stage still requires the
estimation of the instantaneous channels but these channels
will now have a reduced dimension, thanks to the elevation
beamforming stage that groups elements into a reduced num-
ber of antenna ports using downtilt weight vectors. There is
obviously a tradeoff between the system performance and the
CSI feedback overhead involved. A similar idea was utilized
in [111] to devise a spatial-correlation-based partial-channel-
aware beamforming scheme. The BSs choose to attain CSI
with respect to only the selected antenna elements that transmit
the training RS. A good balance is achieved between the
system performance and the CSI feedback overhead.
Motivated by the important role played by spatial correlation
in the analysis of FD massive MIMO systems, we provide
guidelines to compute the correlation coefficients based on
the two channel representations introduced in the last section
for the 2D AAA shown in Fig. 11. The developed SCFs can
then be used to form the Kronecker channel model in (32) and
the Rayleigh correlated channel model in (33). Note that the
SCF for other TXRU architectures presented in section III-C
can be developed similarly.
B. SCF based on Antenna Port Approach
Consider the 3D channel representation in (18) between a
BS equipped with an AAA of vertically polarized antenna
elements shown in Fig. 11 and a stationary user. The antenna
port patterns gP,t and gP,r are computed using (22) and (24)
and the array responses are computed using (20) and (21).
The spatial correlation between Tx antenna ports s and s′
corresponding to cluster n¯ and n¯′ respectively can be written
as,
ρP,n¯,n¯′(s, s
′) = E[[h]s,n¯[h]Hs′,n¯′ ], (34)
=
M¯n¯∑
m¯=1
M¯n¯′∑
m¯′=1
√
Pn¯/M¯n¯
√
Pn¯′/M¯n¯′E
[
αn¯,m¯αn¯′,m¯′
× gP,t(φn¯,m¯, θn¯,m¯, θtilt)gP,t(φn¯′,m¯′ , θn¯′,m¯′ , θtilt)
× exp
(
i
2pi
λ
dH(s− 1) sinφn¯,m¯ sin θn¯,m¯
)
× exp
(
−i2pi
λ
dH(s
′ − 1) sinφn¯′,m¯′ sin θn¯′,m¯′
)]
. (35)
Note that for ports comprising of vertically polarized antenna
elements as considered in Fig. 11, gP is a 1x1 entry given
by
√
AP (φ, θ, θtilt) and α is also a scalar. The path loss and
shadow-fading just appear as a scaling factor so they are not
included in (35).
The correlation between the ports s and s′ is then given by,
ρP (s, s
′) =
N¯∑
n¯=1
N¯∑
n¯′=1
ρt,n,n′(s, s
′). (36)
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Since the AoDs and AoAs for the sub-paths in each cluster
are correlated, so the expression in (36) can only be numer-
ically evaluated. In order to enable a tractable closed form
formulation of this expression, the authors in [48] drop the
assumption made in the standards that every cluster gives
rise to M¯ unresolvable sub-paths. Since these sub-paths are
assumed to be unresolvable in the standards and are centered
around the AoD/AoA of the original cluster, so their spatial
properties are quite similar and are well-captured by the spatial
parameters defined for the overall cluster. The authors assume
uniform distribution of power across the clusters and combine
it with αn¯, so that E[|αn¯|2] = 1N¯ . The channel between BS
antenna port s and MS antenna u comprising of vertically
polarized antenna elements is now generated by summing the
contributions of N¯ i.i.d. clusters as follows,
[H]su(t) =
√
10−(PL+σSF )/10
N¯∑
n¯=1
αn¯gP,t(φn¯, θn¯, θtilt)
× gP,r(ϕn¯, ϑn¯) exp (ik(s− 1)dH sinφn¯ sin θn¯)
× exp (ik(u− 1)dH sinϕn¯ sinϑn¯) exp(i2pivn¯t). (37)
Since the parameters describing the clusters are i.i.d., the
double sum over n¯ and n¯′ in the expression of the corre-
lation between the Tx antenna ports s and s′, ρP (s, s′) =
E[[h]s[hs′ ]H ], can be simplified as,
ρP (s, s
′) = E
[
|gP,t(φ, θ, θtilt)|2 exp
(
i
2pi
λ
dH(s− s′)
× sinφ sin θ
)]
, (38)
for E[|αn¯|2] = 1N¯ , n¯ = 1, . . . N¯ .
A closed form expression for (38) was derived and presented
in Theorem 1 of [48]. The spatial correlation coefficients
were calculated by providing the derived Theorem with the
FS coefficients of the PAS and PES of the 3D propagation
scenario under study. The power spectra are important statis-
tical properties of wireless channels that provide a measure of
the power distribution in the azimuth and elevation dimensions
respectively. They are defined as,
PASp(φ) = pφ(φ)AP,H(φ)|lin, (39)
PESP (θ) = pθ(θ)AP,V (θ, θtilt)|lin, (40)
where the angular power density functions, pφ(φ) and pθ(θ)
equal fφ(φ) and
fθ(θ)
sin(θ) respectively, with fφ(φ) and fθ(θ)
being the PDFs of the azimuth and elevation angles [112].
The resulting expression of ρP (s, s′) after performing the
expectation as given in Theorem 1 of [48] depends only on
the large-scale parameters of the channel, including the angular
spreads and the mean AoDs/AoAs. The proposed expression
can be used to form the 3D correlated SCMs outlined in
section V-A. For this, we need to form the covariance matrix
for the BS antennas denoted as RBS . This can be done using
the relationship [RBS ]s,s′ = ρP (s, s′). The covariance matrix
for the MS can be formed similarly.
It is important to note that the expressions in (36) and (38)
consider the spatial correlation between any two antenna ports
without accounting for the correlation between the elements
constituting these ports. The role played by the elements is
only captured approximately in the antenna port radiation
pattern expression in (22) utilized in (36) and (38).
C. SCF based on Antenna Element Approach
The spatial correlation between antenna ports is actually
governed by the correlation between the elements constituting
these ports. Here, we give some guidelines to express the
SCF between antenna ports as a function of the inter-element
correlation and the downtilt weights, utilizing the antenna
element based channel representation in (29).
1) Derivation of the SCF for Antenna Elements: Consider
the 3D channel expression in (29) and a stationary user. The
correlation between any two Tx antenna elements m and m′
in antenna ports s and s′ respectively in the 2D AAA shown
in Fig. 11, corresponding to cluster n¯ and n¯′, can be written
as,
ρE,n¯,n¯′((m, s), (m
′, s′)) =
M¯n¯∑
m¯=1
M¯n¯′∑
m¯′=1
√
Pn¯/M¯n¯
√
Pn¯′/M¯n¯′
× E
[
αn¯,m¯αn¯′,m¯′gE,t(φn¯,m¯, θn¯,m¯)gE,t(φn¯′,m¯′ , θn¯′,m¯′)
× [at,s(φn¯,m¯, θn¯,m¯)]m[at,s′(φn¯,m¯, θn¯,m¯)]∗m′
]
. (41)
Note that for vertically polarized antenna elements considered
in Fig. 11. gE is a 1x1 entry given by
√
AE(φ, θ) and α is
also a scalar.
The correlation between antenna elements (m, s) and
(m′, s′) is written as,
ρE((m, s), (m
′, s′)) =
N¯∑
n¯=1
N¯∑
n¯′=1
ρE,n¯,n¯′((m, s), (m
′, s′)).
(42)
The AoDs and AOAs for the sub-paths in each cluster
are correlated, which renders the theoretical analysis of the
expression in (42) very hard. The authors in [50] make an
important preliminary contribution of analyzing the expression
in (42) and developing a closed-form expression for the spatial
correlation between the antenna elements using a simplified
channel model, where the assumption that each cluster gives
rise to M¯ unresolvable sub-paths is again dropped as done
in [48]. The authors also consider uniform distribution of
power over clusters and combine it with αn¯, which now has a
variance 1
N¯
. The channel between BS antenna port s and MS
antenna element u is generated by summing contributions of
N¯ i.i.d. clusters as follows,
[H]su(t) =
√
10−(PL+σSF )/10
M∑
m∈port s
wm(θtilt)
N¯∑
n¯=1
αn¯
× gE,t(φn¯, θn¯)[at,s(φn¯, θn¯)]mgE,r(ϕn, ϑn)[ar(ϕn¯, ϑn¯)]u
× exp(i2pivn¯t). (43)
Using the array response expression of an individual ele-
ment in (27), and for E[|αn¯|2] = 1N¯ , the SCF for the channels
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Array Mathematical Formulation
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Data symbol
Antenna port s=2
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RBS =
[
ρEP (1, 1) ρ
E
P (2, 1)
ρEP (1, 2) ρ
E
P (2, 2)
]
=
[
w∗11 w
1∗
2 0 0
0 0 w2∗1 w
2∗
2
]
×

ρE((1, 1), (1, 1)) ρE((2, 1), (1, 1)) ρE((1, 2), (1, 1)) ρE((2, 2), (1, 1))
ρE((1, 1), (2, 1)) ρE((2, 1), (2, 1)) ρE((1, 2), (2, 1)) ρE((2, 2), (2, 1))
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
×
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w11 0
w12 0
0 w21
0 w22
 .
Fig. 15. Correlation matrix for a 2× 2 AAA.
constituted by the (m, s) and (m′, s′) antenna elements at the
Tx side can now be expressed as,
ρE((m, s), (m
′, s′)) = E[|gE,t(φ, θ)|2[at,s(φ, θ)]m
× [at,s′(φ, θ)]∗m′ ],
= E
[
|gE,t(φ, θ)|2 exp
(
i2pi
[dH
λ
(s− s′) sinφ sin θ
+
dV
λ
(m−m′) cos θ
])]
, (44)
where m,m′ = 1 . . .M , s, s′ = 1, . . . N . The weights are
used to group the antenna elements into ports and will play a
role when the correlation between two ports will be derived.
After some reformulations using the SHE of plane waves
[113] and properties of Legendre polynomials [114], (44)
is expressed analytically as a linear combination of the FS
coefficients of PAS and PES in Theorem 1 of [50]. PAS and
PES are defined in a similar fashion as (39) and (40), with
the element radiation pattern in (1) used instead of the ITU
pattern.
The SCF has been made available online at [115] to facili-
tate the interested researchers and industrials in computing the
correlation coefficients by providing this function with only
the FS coefficients of the PAS and PES for the propagation
environment under study.
As discussed in section III, the radio resource is organized
on the basis of antenna TXRUs/ports, where each port is used
to transmit a data symbol at a particular value of the downtilt
angle θtilt, determined using the downtilt weights applied to
the elements in that port. Since the spatial multiplexing gains
are determined by the number of ports and the correlation be-
tween them, so it is important to characterize this correlation.
2) Spatial Correlation Function for Ports: From (29) it is
evident that the SCF for the channels constituted by antenna
ports s and s′ will be a function of the correlations between all
the elements constituting these ports and the weight functions
applied to these elements as,
ρEP (s, s
′) =
M∑
m=1
M∑
m′=1
wm(θtilt)wm′(θtilt)
∗ρE((m, s), (m′, s′)),
(45)
where s, s′ = 1, . . . N and ρE((m, s), (m′, s′)) is given by
(42) if the exact 3GPP channel model in (29) is utilized and
by (44) if the simplified channel model in (43) is utilized.
In matrix form, the N×N correlation matrix for the antenna
ports constituting the AAS in Fig. 11 can be written as,
RBS = W˜
H
REW˜, (46)
where W˜ is NM × N block diagonal matrix of the weight
vectors applied to the N antenna ports given as,
W˜
H
=

wsH 01×M 01×M(N−2)
01×M wsH 01×M(N−2)
. . .
01×M 01×M(N−2) wsH
 , (47)
where ws is the M × 1 weight vector for antenna port s
given by (10). These weight vectors can be different for
different ports allowing them to transmit at different downtilt
angles, depending on the TXRU architecture being considered.
However, for the 1D TXRU virtualization model with sub-
array partition shown in Fig. 11, these vectors are equal, i.e.
ws = w. ∀s. Also, RE is the NM ×NM correlation matrix
for all the elements constituting the AAS defined as,
[RE ](s′−1)M+m′,(s−1)M+m = ρE((m, s), (m′, s′)). (48)
Note that with this formulation, [RBS ]s′,s = ρEP (s, s′). An
example formulation of the correlation matrix for a 2 × 2
AAA is shown in Fig. 15. Also, note that RMS can be formed
similarly and the two covariance matrices can be used to form
the correlated 3D SCMs given by (32) and (33).
D. Numerical Results
Here we compare the correlation between the antenna ports
constituting the AAS using both the approximate ‘antenna
port approach’ and the exact ‘antenna element approach’. The
spatial correlation between any two antenna ports s and s′
s, s′ = 1, . . . N , using the ITU approach has been studied and
derived in [48] and summarized in section V-B. The exact
spatial correlation between antenna ports s and s′, accounting
for the individual contributions of all the elements constituting
these ports, is derived in [50] and summarized in section V-C.
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For the simulations, we assume all antenna ports transmit
at a downtilt angle of θtilt = 90o. In the standards, PES is
well fitted by the Laplacian elevation density spectrum and
the elevation AoDs and AoAs are drawn from,
fθ(θ) = ζ exp
(
−
√
2|θ − θ0|
σl
)
sin θ, (49)
where ζ is the normalization factor, θ0 is the LoS AoD and σl
is the elevation angular spread. The characteristics of azimuth
angles are well captured by Wrapped Gaussian (WG) density
spectrum with mean µ and spread σ2WG [40], [41]. However in
the recent years, the Von Mises (VM) distribution has received
great attention in modeling non-isotropic propagation due to
its close association with the WG spectrum [84], [116]. The
use of VM distribution is also proposed in [48] due to its close
match with WG distribution as well as the simplicity in the
calculation of its FS coefficients. This distribution given by,
fφ(φ) =
exp(κ cos(x− µ))
2piI0(κ)
, (50)
is related to the WG distribution through a straightforward
relationship obtained using their first circulant moments as
[117],
WG(µ, σ2WG) = VM(µ, κ), σ
2
WG = 2[log I0(κ)− log I1(κ)],
(51)
where In(κ) is the modified Bessel function of order n, µ is
the mean angle and 1κ is a measure of dispersion. The values
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Fig. 16. Comparison of the correlation between Tx antenna ports for 2D and
3D channels.
of the parameters at the Tx side as used in the simulations are
summarized in Table III. The values approximately represent
the 3D-UMa non-line of sight (NLoS) scenario outlined in
TR36.873 [41]. N0 represents the number of terms used in the
computation of the correlation using the analytical expressions
in Theorem 1 of [48] and Theorem 1 of [50].
We first use Monte-Carlo simulations to compare the corre-
lation between antenna ports for the 2D SCM and the antenna
port approach based 3D SCM. The simulations are done for
10000 realization of the simplified channel model in (37),
TABLE III
SIMULATION PARAMETERS.
Parameter Value
AAA parameters for Fig. 11:
Number of antenna ports in the horizontal direction (N) 4
Number of antenna elements in the vertical direction (M) 8
Horizontal inter-element spacing, dH 0.5λ
Vertical inter-element spacing, dV 0.8λ
Antenna element gain, Gmax,E 8dBi
Vertical HPBW, θ3dB 65o
Horizontal HPBW, φ3dB 65o
ITU antenna parameters:
Number of antenna ports in the horizontal direction (N) 4
Antenna port gain, Gmax,P 17dBi
Vertical HPBW of antenna port, θ3dB,P 15o
Horizontal HPBW of antenna port, φ3dB,P 70o
Elevation domain parameters:
Angular distribution, fθ(θ) Laplacian
LoS angle in the elevation, θ0 90o
Downtilt angle for each port, θtilt 90o
Elevation angular spread at departure, σl,t 8o
Azimuth domain parameters:
Angular distribution, fφ(φ) Von Mises
LoS angle in the azimuth, µ 0
Azimuth spread measure at departure, κt 6
General parameters:
Channel estimation ideal
Number of terms for expressions in Theorem 1 of [48] and Theorem 1 of [50], N0 15 [48], 30 [50]
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Monte-Carlo simulations for σl,t = 25o.
dropping the assumption that each cluster gives rise to a
group of unresolvable sub-paths. The results normalized by
the antenna gain are plotted in Fig. 16, where the correlation
for the 3D SCM is computed using the expression in (38) and
the correlation for the 2D SCM is computed using the same
expression but assuming θ = θtilt = pi2 . The 2D model clearly
overestimates the radiated power as well as correlation, which
is a consequence of ignoring the directivity of antennas in the
elevation.
Both the theoretical result in [50] and the Monte-Carlo
simulated result in (45) using (44) are plotted in Fig. 17
for the correlation between the antenna ports, based on the
antenna element approach. The Monte Carlo simulations are
performed over 10000 realizations, with the weights calculated
using (10) for θtilt = 90o. Similarly, both the theoretical
result in [48] and the Monte-Carlo simulated correlation in
(38) are plotted for the antenna port approach for θtilt = 90o
and θ3dB,P = 15o. The antenna element gain and antenna
port gain are incorporated into the simulations to study the
effects on radiated power. The antennas are assumed to radiate
isotropically in the azimuth. The theoretical results computed
using the codes provided in [115] yield a perfect fit to the
Monte Carlo simulated correlation. The developed SCFs in
[48] and [50] can therefore be efficiently utilized to generate
correlation coefficients for FD-MIMO channels, with the only
input required being the FS coefficients of the PAS and PES
for the propagation scenario under study.
We now compare the results for the element approach and
the port approach in the same figure using the calculated
values of θ3dB,P and Gmax,P from section IV-D. The values
were calculated such that the 3dB beamwidth of the main
lobes for both approaches were perfectly matched as shown
in Fig. 14. This results in the correlation values for the port
approach to be quite close to the values for the element
approach as shown in Fig. 17. Since most of the radiated
energy is concentrated in the main lobe of the radiation
pattern so it seems reasonable to use the simpler antenna port
approach for moderate values of angular spreads, as long as the
correct values of 3dB beamwidth and maximum directional
antenna port gain, Gmax,P , are used. Using the 15o value
for the beamwidth as proposed in ITU [40] directly results
in significant overestimation of the radiated power due to the
wider main lobe of the antenna radiation pattern. A wider lobe
captures the energy of a higher number of propagation paths
resulting in a higher radiated power as shown in Fig. 17 by
comparing ρ(s, 1) at s = 1.
When the same curves are plotted for a higher value of
elevation angular spread, σl,t = 25o (see dotted lines), the
correlation values decrease due to richer propagation condi-
tions. At the same time the radiated power from each antenna
port also decreases because the energy from a higher number
of propagation paths is not captured by the narrow beam
transmitted from the antenna port. This is an illustration of how
important it is to take into account the directional characteris-
tics of antenna elements when evaluating the performance of
FD-MIMO systems. Another important observation is that now
the gap between the element approach and the port approach
for the calculated values of θ3dB,P and Gmax,P is higher
than that at σl,t = 8o. When the elevation spread is small
and the user lies in the boresight of the antenna port, the
energy of most of the propagation paths is captured by the
Tx antenna pattern within its 3dB beamwidth. This beamwidth
has been designed to be the same for both approaches utilizing
(6) and (7), resulting in a smaller performance gap between
the two approaches. On the other hand for higher values
of elevation angular spreads, the approximate port approach
towards modeling the vertical radiation pattern neglects the
side lobes and the energy of many propagation paths (lying
outside the 3dB beamwidth) is incorrectly scaled as seen in
Fig. 14.
Even though utilizing the calculated values of θ3dB,P and
Gmax,P using (6) and (7) respectively for the underlying struc-
ture of the port will minimize the gap between the performance
of both approaches but it is still important to take the antenna
element approach towards 3D channel modeling. The reason
for this being the preferred channel representation is twofold;
firstly it accounts for the side lobes in the radiation pattern,
which are ignored in the antenna port approach; and secondly
the linear dependence of the channel on the weights in the
element approach as shown in (29) allows for more flexibility
in optimizing the downtilt weights to realize different elevation
beamforming scenarios.
VI. ELEVATION BEAMFORMING
In conventional MIMO deployments, the BS antenna ports
have a static vertical beam pattern and transmit at a fixed
downtilt angle. The beams are only steered in the horizon-
tal domain by feeding horizontally arranged antenna ports
with digitally preprocessed data symbols. As a result, the
interference reduction and throughput optimization capabilities
are also restricted to the horizontal plane. However several
measurement campaigns have demonstrated that the angular
spectrum of propagation channels has strong components in
the elevation domain [118], [119]. As a consequence, beam-
forming in the azimuth plane alone can not fully exploit all the
degrees of freedom offered by the channel. With the dynamic
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Fig. 18. Hybrid beamforming structure of an FD-MIMO AAA with N = 4
and M = 8.
adaptation of the 3D radiation pattern of each antenna port
in an AAA, the system performance can be further enhanced
by using a variety of downtilting strategies that increase the
desired signal power at an active user and/or suppress inter-
user and inter-cell interference. Encouraged by the initial
implementations of this technology [29]–[32], [120], the 3GPP
is defining future mobile communication standards in the
frame of its study items on 3D beamforming.
In this section, we will first discuss the hybrid nature of
beamforming allowed by FD-MIMO architectures and the
basic principles behind elevation beamforming. Later, we
provide a mathematical framework for elevation beamforming
in a single-user MISO setting based on the element based
channel representation to facilitate interested researchers in
understanding how the aspects presented so far can be put
together to devise elevation beamforming schemes. This is
followed by an overview of related schemes designed for
single-cell multi-user and multi-cell multi-user MISO systems.
Finally, we compare the performance of different existing
schemes using simulations.
A. Hybrid Beamforming in FD-MIMO
Multi-user MIMO precoding in the digital domain allows
simultaneous transmission to several users by suppressing
inter-user interference [121]–[125]. It has been shown that this
interference can be handled in massive MIMO settings with
simple linear precoding techniques [18]–[20]. Implementing
these precoding techniques requires complete information of
the channels, which is achieved through channel estimation.
The canonical massive MIMO systems operate a TDD proto-
col, where the uplink and downlink transmissions take place
in the same frequency resource but are separated in time.
TDD systems benefit from channel reciprocity to acquire CSI
in the uplink and use it for downlink transmission. In every
coherence interval, there is an uplink training phase where
each user transmits a pilot sequence. The uplink estimation
overhead is therefore proportional to the number of terminals
and independent of the number of antennas, making it the
preferred choice for massive MIMO settings.
Unfortunately, the TDD systems require sophisticated cali-
bration of the uplink and downlink signal chains to enable the
exploitation of channel reciprocity through special hardware
and design protocols [126], [127]. Given that there is plenty of
FDD spectrum currently in use so it is important to implement
massive MIMO in FDD as well, where uplink and downlink
transmissions take place in separate bands and CSI is made
available to the transmitter through explicit downlink training
and uplink feedback. This downlink training and CSI feedback
overhead is prohibitively high when implementing fully digital
MU-MIMO precoding techniques in massive MIMO settings.
Generally, limited feedback methods have been proposed
to reduce this feedback overhead [128], [129], which require
high-resolution codebooks to minimize quantization errors.
One way to reduce the feedback overhead is to compute
the precoding vectors based on the users’ channel covariance
matrices which require knowledge of quasi-static large-scale
channel parameters only instead of the full channels [130].
However, this technique does not perform well in scenarios
where the spatial correlation is low. Another approach is to
employ opportunistic beamforming, where the BS transmits
orthogonal beams with training signals in each time-slot and
the users send back the SNR corresponding to the beams. The
BS schedules the user with the highest SNR on each beam.
This idea has been studied in several works [131], [132].
Another popular technique employed in FDD based massive
MIMO systems is channel dimensionality reduction [133],
[134]. An example is the joint spatial division and multiplexing
(JSDM) approach proposed in [134] where the authors split the
downlink beamforming into two stages - a pre-beamforming
stage that is implemented in the analog domain using quasi-
static channel covariance matrices of the users and a MU-
MIMO precoding stage that is implemented in the digital
domain on the effective reduced-dimension channels formed
by the pre-beamforming. The training dimension required to
estimate the effective channels is significantly less than the
total number of antenna elements, thanks to the dimensionality
reduction of the analog pre-beamforming stage.
The FD-MIMO AAAs realize this channel dimension re-
duction through the application of the downtilt antenna port
weight vectors that are used to group antenna elements into
a reduced number of antenna ports, as studied in section III.
These weights can be optimized to adapt the Tx beam dy-
namically in the vertical direction. This stage is implemented
in the analog domain through the PAs connected directly
to the antenna elements in each port and is referred to as
elevation beamforming. The high spatial correlation in FD-
MIMO arrays can be exploited to design these analog weights
resulting in the implementation of the elevation beamforming
stage using the slowly varying spatial covariance matrices
of the users’ channel vectors. The digital precoding stage
is implemented across the antenna ports instead of all the
elements and requires the estimation of the effective channel
of dimension N × 1 instead of NM × 1.
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As an example, consider a multi-user MISO system with
K users served by the AAA shown in Fig. 18. First we apply
analog beamforming across the antenna elements using the
downtilt weights wm, m = 1, . . . ,M . These weights group
antenna elements into antenna ports and act as a way to
reduce the channel dimension while providing the capability
of controlling the beam pattern in the 3D space. To see this,
note that the received signal at user k, yk ∈ C is given as,
yk = hHk x + nk, (52)
where x is the Tx signal vector from the BS, nk ∼ CN (0, σ2n,k)
is the additive white Gaussian noise (AWGN) with variance
σ2n,k at the user k and h
H
k is the channel vector from the BS to
user k. If modeled using the Rayleigh correlated 3D channel
model, it will be given as hk =
√
10−(PL+σSF )/10R
1
2
BSk
z, as
defined in (33), where zk has i.i.d. zero mean, unit variance
complex Gaussian entries and RBSk ∈ CN×N is the user’s
channel covariance matrix defined as RBSk = W˜
H
REk W˜,
where W˜ is NM × N block diagonal matrix of the weight
vectors applied to the N antenna ports given by (47) and REk
is the NM × NM correlation matrix for all the elements
constituting the AAS with respect to user k given by (48). It
is obvious that the analog weight vectors are playing the role
of reducing the channel dimension from NM × 1 to N × 1.
The digital precoding is applied across the vector of data
symbols of the K users, denoted as s = [s1, s2, . . . , sK ]T ∈
CK×1 resulting in the Tx signal vector x ∈ CN×1 written as,
x =
K∑
k=1
√
pkgksk, (53)
where gk ∈ CN×1 is the digital precoding vector for user k,
and pk ≥ 0 and sk ∼ CN (0, 1) are the signal power and
the data symbol for user k respectively. The digital precoder,
G = [g1, . . . , gK ] ∈ CN×K , satisfies the average total power
constraint as,
E[||x||2] = E[tr (PGHG)] ≤ P¯ , (54)
where P¯ > 0 is the average total Tx power and P =
diag(p1, p2, . . . , pK) ∈ RK×K . In order to form this digital
precoder, the BS needs to estimate the N × 1 channel vectors
of the users instead of the NM × 1 channel vectors thanks to
the elevation beamforming stage, which significantly reduces
the feedback overhead.
To summarize, an FD-MIMO array not only serves as a
practical implementation of a massive MIMO system but also
lends itself to a hybrid digital analog implementation where the
MU-MIMO precoding stage is implemented in the baseband
across the antenna ports and the elevation beamforming stage
is implemented in the analog domain across the antenna
elements in each port. This hybrid implementation, illustrated
in Fig. 18, also makes FD-MIMO systems particularly suited
to mm-wave bands, where the number of RF chains is limited.
B. Principle of Elevation Beamforming
Elevation beamforming results from the adaptation of the
vertical dimension of the antenna beam pattern. Passive an-
tenna elements cannot adapt their directional radiation pattern
dynamically since these elements are fed with a passive feeder
network and can only transmit at a fixed downtilt angle. Active
antenna elements, on the other hand, have individual PAs
connected directly to each transmitting element as discussed
in section III. Arranging these elements in vertical columns
allows the resulting 2D AAA to adapt its radiation pattern
dynamically in the vertical and horizontal directions in each
transmission interval. The AAAs support an electronic beam-
tilt feature by providing control on the phase and amplitude
weights applied to the individual antenna elements in each
port [25]–[27]. As a consequence, the antenna pattern in the
vertical direction and the MIMO precoding in the horizontal
direction can be optimized simultaneously resulting in spa-
tially separated transmissions to a large number of users in
both the elevation and azimuth planes. The authors in [58]
analyze the average rate gain of AASs over passive antenna
systems for a single user case. Active beamforming is shown
to achieve an average rate gain equal to 3.986(σ2θ/θ
2
3dB) over
passive beamforming in the high SNR regime, where σ2θ is the
variance of the elevation angle distribution.
There are, however, some differences between the azimuth
and elevation planes of the propagation channel that should
be taken into account when designing elevation beamforming
techniques. First, the coverage area in the azimuth plane is
much wider that that in the elevation plane. Generally, a
coverage of angles from −60o to 60o relative to the BS
boresight is required in the azimuth plane. However, the
distribution of the users in the elevation is not as wide spread.
This can be seen by noting that for a cell radius of 250m and
BS and users heights equal to 30m and 1.5m respectively, the
minimum downtilt angle at the edge of the cell is about 96o
and the maximum downtilt angle given the user can not be
located within 30 m of the BS is about 1300. In fact it was
shown in [29] and [57] that the downtilt angles required to
cover 95% of the cell area are smaller than 115o. Therefore
the adjustment range for the downtilt angle of the vertical
beam pattern in a typical 3D macro-cell environment is much
less than that for the steering angle in the azimuth domain.
Second difference is that since the users are located close to
each other in the elevation plane, so the HPBW of the vertical
beam has to be designed to be much smaller than the HPBW
of the horizontal beam to allow for better separation of the
users in the elevation. For example, ITU approximates the
beamwidth of the main lobe of the vertical radiation pattern
as 15o, whereas the beamwidth in the horizontal direction
is set as 70o. This narrow beam in the elevation can be
achieved by arranging a large number of antenna elements in
the vertical direction to constitute an antenna port and feeding
these elements with the same signal with appropriate weights
to achieve the desired downtilt and a narrow beamwdith. The
relation between the 3dB beamwidth and M and dV is given
in (6).
Therefore, the design goal of elevation beamforming
schemes is to adapt the downtilt angle of the Tx beam
dynamically within a small adjustment range based on the
users’ channel information and/or statistics while the HPBW
is kept as narrow as possible to allow for a better spatial
separation of the users in the elevation plane. In the next
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TABLE IV
POPULAR ELEVATION BEAMFORMING SCHEMES FOR A SINGLE-CELL MULTI-USER MISO SYSTEM.
Small-scale channel Radiation Pattern Digital Precoding Downtilting Strategy
Cell-Specific Tilting (CST) Any model ITU port pattern (22) MRT/ZF/RZF Common fixed tilt angle for
all antenna ports
Switched Beam Tilting i.i.d. ITU port pattern (22) ZF Partitions the cell into vertical regions
(SBT) [59] and applies a pre-determined (tilt, HPBW)
pair when serving each region
Multi-User Active i.i.d. ITU port pattern (22) ZF Under high SNR, the optimal downtilt
Beamforming (MUAB) [58] angle is the weighted arithmetic mean value
of elevation LoS angles of all users
Single Downtilt Beamforming (33), (46)-(48) TR36.873 pattern (1) MRT Sub-optimal downtilt weight vectors
(SDB) [50] maximizing the minimum user SIR
obtained through Dinkelbach’s algorithm
section, we discuss a low channel feedback solution for the
downtilt weight vectors applied to the antenna ports in a single
cell single user MISO system, incorporating the practical
aspects of FD-MIMO presented so far.
C. Elevation Beamforming in a Single User MISO System
Consider the downlink of a single-cell where an M × N
AAS shown in Fig. 11 serves a single user equipped with a
single isotropic Rx antenna element. The received complex
baseband signal y ∈ C at the user is given by,
y = hHx + n, (55)
where h ∈ CN×1 is the 3D channel vector from the BS to
the user, x ∈ CN×1 is the Tx signal from the AAS, and n ∼
CN (0, σ2n) is the AWGN with variance σ2n at the user. Note
that h is a function of θtilt directly in the port approach while
it depends on θtilt through the downtilt weights in the element
approach.
The Tx signal vector is defined as x = gs, where g ∈
CN×1 denotes the Tx precoding vector with ||g||2 = PTx,
where PTx is the Tx power of the BS, and s denotes the Tx
data symbol with unit variance. It is well known that MRT,
i.e. g =
√
PTxh/||h|| is the optimal digital precoding scheme
for single-user single-stream transmission when perfect CSI
is available at the transmitter [135]. Under this setting, the
downlink signal-to-noise ratio (SNR) for the user is given by,
γ =
PTx
σ2n
hHh. (56)
The interest is in finding the optimal downtilt angle θtilt
for the antenna ports that maximizes the SNR. Preliminary
notable works on single-user elevation beamforming including
[28], [29], [58] considered the antenna port approach towards
modeling the vertical radiation pattern of each port. In [58], the
optimal downtilt angle was determined at the user end using
training signals from the BS transmitted with different θtilt.
The index of the beam that maximized the downlink SNR was
fed back to the BS and the corresponding downtilt angle was
used for data transmission. It was shown in [28] that under
active beamforming the optimal tilt angle corresponded to the
elevation LoS angle of the user.
These existing works on single-user elevation beamforming
ignore the dependency of the vertical beam pattern on the
construction of the port, i.e. the values of M , dV , and the
downtilt weights. We showed in [50] that the more recent
antenna element approach can be used to yield an optimal
closed-form solution for the downtilt antenna port weight
vectors in an FD-MISO setting, when h is modeled using the
correlated 3D channel model in (33), with the users’ covari-
ance matrices determined using (46)-(48) developed for the
element approach. Under this setting, the problem of single-
user elevation beamforming is formulated as the maximization
of the SNR with respect to the downtilt weight vectors applied
to the N antenna ports as follows.
Problem (P1):
maximize
w
γ (57)
subject to ||ws||2 = 1, for s = 1, . . . N. (58)
The constraint in (58) ensures that the total power of every
antenna port is bounded with respect to the number of elements
constituting it. This problem has a simple eigenvector solution
in the large (M,N) regime given as follows.
Theorem 1 [Theorem 2 [50]]. For a single user MISO
system where the BS is equipped with a M ×N AAS shown
in Fig. 11 and the channel is represented using the Rayleigh
correlated model in (33), the optimal 3D beamforming weight
vectors ws, s = 1, . . . , N in the large (N,M) regime can be
computed as,
ws = vλmax(REss), s = 1, . . . N, (59)
where vλmax(REss) is the eigenvector corresponding to the
maximum eigenvalue λmax of REss, where R
E
ss is a M ×M
matrix given by RE([(s−1)M+1 : sM ], [(s−1)M+1 : sM ]),
for RE defined in (48), such that,
REss
1
2 ws =
√
λmax(REss)w
s. (60)
REss basically refers to the correlation matrix formed by the
elements of port s and is therefore given by the sth M ×
M diagonal matrix from RE in (48). Since all ports have an
identical structure in the configuration considered in Fig. 11
so w = ws ∀s.
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The proof of Theorem 1 follows similar steps as shown
in Appendix A of [50]. Note that the implementation of
this solution imposes negligible feedback overhead since the
channel correlation matrix for each user can be computed at
the BS exploiting the theoretical expressions in [50], which
require knowledge of only the angular spread at the BS and
the users LoS azimuth and elevation angles.
D. Elevation Beamforming in Multi-User MISO Systems
Elevation beamforming in single-cell and multi-cell MU-
MISO settings has recently become a subject of interest, es-
pecially with the progress made in the 3GPP on various study
items on FD-MIMO. As a consequence, several downtilting
strategies have been proposed in literature while utilizing
linear precoding schemes in the digital domain. In this section,
we present these existing methods and provide some guidelines
for the efficient design of elevation beamforming techniques
under the element approach towards channel modeling.
1) Single-Cell Systems: Table IV summarizes some popular
elevation beamforming schemes for a single-cell multi-user
MISO system in terms of the small-scale channel model,
radiation pattern, and horizontal and vertical beamforming
techniques considered.
All these schemes utilize linear precoding methods in the
digital domain, which are generally asymptotically optimal in
the large (N,K) regime [18] and robust to CSI imperfections
[19]. Zero-forcing (ZF) precoding completely cancels inter-
user interference but also causes a reduction in the energy
of the desired signal. Moreover, ZF and the near-optimal
regularized zeroforcing (RZF) precoding require inversion of
the Gram matrix of the joint channel of all users, which has a
complexity of K2N [136], making the computational cost of
these schemes prohibitively high in the large (N,K) regime
A notable exception that solves these issues is MRT [137],
which is a popular scheme for large scale MIMO systems
due to its low computational complexity, robustness, and high
asymptotic performance [18].
In terms of the downtilting strategy, CST uses a common
fixed downtilt at the BS for all antenna ports, determined
initially using field trial evaluations. The value of this fixed
tilt is used to determine the radiation pattern in (22) that is
required to model the channel in (18) if the antenna port
approach is adopted or used to compute the weights in (10)
to model the channel in (29) if the antenna element approach
is adopted. The authors in [59] proposed to partition the cell
into vertical regions and apply one of the finite number of
tilt and HPBW pairs at the BS when serving each region to
increase the SNR over the coverage area. The transmission
was scheduled to one of the vertical regions in each time
slot, with the vertical region activity factor for region s
given by |Ks|K , where Ks was the set of the users in vertical
region s. The strategy was referred to as SBT. The authors in
[58] formulated the weighted sum rate maximization problem
with ZF beamforming in the digital domain to completely
cancel multi-user interference. The authors first proposed a
joint optimization solution for the power allocation matrix of
the K users and the downtilt angle at the BS, which was
prohibitively complex due to its iterative nature. To decrease
the computational complexity, the authors proposed to separate
the joint problem into two sub-problems. Under the high
SNR approximation, the optimal downtilt angle for active
beamforming was computed as the weighted arithmetic mean
value of the elevation LoS angles of all users and the algorithm
was referred to as MUAB.
SBT and MUAB utilize the ITU approximation to model
the antenna port radiation pattern which assumes a constant
gain outside the main lobe instead of considering the side
lobes as explained in section IV-D. In other words, these
approaches directly optimize θtilt using (22) without taking
into account the effects of the number of elements in each port
and the applied weights. In practice elevation beamforming is
performed by controlling the downtilt weights applied to the
elements in the AAS so it is important to consider practical
TXRU architectures outlined in the 3GPP for FD-MIMO
systems and optimize the corresponding TXRU virtualization
weight functions.
A preliminary contribution that deals with the downtilt
weight vector optimization problem for the TXRU architecture
shown in Fig. 11 appeared in [50]. The authors utilized the
Rayleigh correlated channel model in (33) with the covariance
matrices determined using the correlation expressions in (46)-
(48) developed for antenna element approach. The focus of
[50] was on interference limited systems, so the performance
metric employed was maximizing the minimum user signal to
interference ratio (SIR), for which the asymptotic convergence
result was derived under MRT precoding. The deterministic
approximation of the SIR was then used to formulate a
fractional optimization problem for the downtilt antenna port
weight vectors which was re-formulated using semi-definite
relaxation and then solved using Dinkelbach’s method and
Gaussian randomization technique. The algorithm was referred
to as SDB.
2) Multi-cell systems: The performance of multi-cell sys-
tems is generally limited by inter-cell interference. An efficient
way to combat inter-cell interference is to use coordinated
beamforming techniques, where CSI is shared among all BSs
to allow for the joint design of the beamforming matrix.
The data for each user is only transmitted by the serving
BS, making this approach practical when backhaul capacity
is limited [139], [140]. In the presence of perfect CSI, com-
plete interference cancellation is possible by coordinated zero-
forcing beamforming (ZFBF), but this also causes a loss in the
energy of the desired signal and incurs a high computational
cost in massive MIMO settings. Prior works have considered
coordinated beamforming in the horizontal domain only, that
enabled the cancellation of the interference in the azimuth
plane only. However, in FD-MIMO architectures the vertical
dimension of the antenna port radiation pattern can also be
adapted for performance optimization through the downtilt
weights applied to the elements in each port. This has mo-
tivated the design of coordinated beamforming schemes that
mitigate inter-cell interference in both the azimuth and the
elevation planes.
Initial works studied 3D beam steering strategies for the
mitigation of inter-cell interference through system-level sim-
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TABLE V
POPULAR ELEVATION BEAMFORMING SCHEMES FOR A MULTI-CELL MULTI-USER MISO SYSTEM.
Small-scale channel Radiation Pattern Digital Precoding Downtilting Strategy
Cell-Specific Tilting (CST) Any model ITU port pattern (22) MRT/ZF/RZF Common fixed tilt angle for
the antenna ports at each BS
Coordinated User-Specific i.i.d. ITU port pattern (22) ICIC/MRT Greedy tilt selection algorithm for
Tilting (CUST) [57] coordinated tilt adaptation
Antenna tilt adaptation TR36.873 channel TR36.873 pattern (1) MMSE detection Gradient descent used to find the optimal
[99] tilt in the uplink that maximizes the
asymptotic SE with pilot contamination
Multi-cell SDB [138] (33), (46)-(48) TR36.873 pattern (1) MRT Sub-optimal downtilt weight vectors
maximizing the minimum user SIR
under constraints on interference leakage
obtained through Dinkelbach’s algorithm
ulations [31], [53], [54], without providing any theoretical
framework or design guidelines for the selection of the down-
tilt angles. Later, some theoretical 3D coordinated beamform-
ing strategies were proposed and have been in summarized in
Table V. The authors in [57] considered a multi-cell single-
user system under CSI impairments that result from feedback
delay and mobility of users. Possible extension to multi-user
systems was suggested. The authors proposed a coordinated
3D beamforming strategy that jointly adapted beamforming
in the horizontal and vertical dimensions depending on the
location of the active user. For moderate delay/mobility values,
the authors proposed to mitigate the effects of inter-cell
interference using inter-cell interference cancellation (ICIC) in
the digital domain and coordinated tilt adaptation in the analog
domain. A greedy tilt selection algorithm was proposed for
coordinated tilt adaptation and the algorithm was referred to
as CUST. The results of the proposed method seem promising
in the propagation environment outlined in the work. However,
there are several limitations imposed on the propagation chan-
nel that makes the results less general: 1) small-scale scattering
is only assumed in the azimuth plane while a single LoS path
is assumed in the elevation, which does not conform to the 3D
channel model outlined in the 3GPP; 2) uncorrelated Rayleigh
fading is assumed; 3) the scheme has been devised under the
approximate antenna port radiation pattern expression given by
(22) and thus does not take into account the actual geometry
of the array.
There have been two works so far that considered the an-
tenna element approach towards channel modeling in devising
elevation beamforming strategies for multi-cell scenarios. The
antenna tilt adaptation scheme in [99] considered a TDD
protocol and optimized the tilt angle in the uplink with MMSE
detection, under the assumption that the elevation angles for
each user were common for all propagation paths. The author
took into account the effect of pilot contamination, and derived
an asymptotic expression for the SE. It was shown that the
asymptotic SE is a concave function of the antenna tilt, when
some requirements on the SINR are met. Under this case, the
maximization of the SE resulted in one global solution, which
was found using a gradient descent based approach.
The authors in [138] considered a FD massive MISO setting,
where the non-parametric channel model in (33) formed
using the element approach based correlation expressions
was utilized and MRT precoding was used in the digital
domain. Under this setting, the authors derived a deterministic
approximation for the SIR in the large (M,N) regime and
formulated an optimization task with the objective of maxi-
mizing the minimum user signal to intra-cell interference ratio
in each cell, denoted by SIR, subject to constraints on the
interference leakage caused to the users in other cells [141],
[142]. The problem was solved using semi-definite relaxation
and Dinkelbach’s method as done for the single-cell multi-
user case in [50]. The authors referred to this algorithm as
multi-cell SDB and it has been summarized in Algorithm 1 of
[138].
3) Proposed Methodology: Developing efficient and close
to optimal algorithms for the downtilt weight vector opti-
mization for different TXRU architectures under the element
based channel representation is non-trivial. However, it is
possible to solve these problems in the asymptotic regime
where the number of BS antenna ports and users grow
large. The proposed methodology is to model the channel
for each user using the Rayleigh correlated model in (33),
with the users’ covariance matrices determined using (46)-
(48) developed for the element approach. The expressions for
different performance metrics like the SINR and SIR will turn
out to be quadratic forms in complex zero mean, unit variance
Gaussian vectors, for which convenient convergence results
exist in RMT that can be exploited to yield their deterministic
approximations that are tight in the asymptotic regime. These
deterministic approximations are easier to optimize and yield
solutions for the downtilt weight vectors for different TXRU
architectures. The readers are referred to [50] as an example
implementation of the proposed method for the TXRU model
in Fig. 11.
Note that the proposed method splits downlink beamforming
into two linear stages: an elevation beamforming stage that
depends only on the users’ channel correlation matrices and a
linear digital precoding stage for the effective channels with
dimension reduced from MN to N . The feedback overhead
for the implementation of the digital precoding stage is there-
fore significantly reduced, since the number of antenna ports
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is much less than the total number of antenna elements.
The elevation beamforming stage imposes negligible feed-
back overhead since the channel correlation matrix for each
user can be computed with knowledge of only the angular
spread at the BS (locally estimated) and the user’s LoS azimuth
and elevation angles. The BS can estimate the location of
each user in the uplink and compute the corresponding LoS
angle. The users’ channel correlation matrices are quasi-static
and vary very slowly. Even for nomadic users, the correlation
matrices evolve in time much more slowly than the actual
Rayleigh fading process as discussed in [134], and can be
tracked using well-known existing algorithms.
E. Performance Evaluation
The performance gains realizable through elevation beam-
forming are now studied using simulations with parameter
values set as given in Table III, unless stated otherwise. All
simulations use the Rayleigh correlated channel model in (33),
where the correlation matrices are computed using (46).
1) Elevation Beamforming in the Single-User MISO Set-
ting: The single-user MISO case is studied first using Monte-
Carlo simulations of the SNR in (56) for PTx = 56dBm and
σ2n = −100dBm. The BS equipped with a 8×N AAS serves
an outdoor user located at the edge of a cell of radius 250m,
with the LoS angle θ0 computed to be 95.37o. The path loss
and SF values are taken from the TR36.873 for the 3D urban
macro scenario. Theorem 1 is used to optimize the downtilt
antenna port weight vector w and the corresponding user
throughput, averaged over 5000 channel realizations, is plotted
in red in Fig. 19 along with the cases where the electrical
downtilt angle is set to specific pre-defined values under CST.
The solution given by [28], where θtilt is set as the LoS angle
of the user, i.e. θ0 = 95.37o is also plotted. To ensure fairness
in comparison, all strategies are compared under the element
based channel. The downtilt angles for CST and user specific
tilting approach in [28] are used to compute the weight vectors
utilizing the 3GPP relation in (10), which are then used to form
the covariance matrices in (46). User specific tilting in [28]
and the eigenvector solution in [50] yield somewhat similar
performances, with the latter performing slightly better, while
both perform much better than CST.
2) Elevation Beamforming in the Multi-User MISO Setting:
In this section, we study the multi-user MISO system with K
users placed randomly in a cell of radius 250m, at a minimum
distance of 30m from the BS, where N > K to avoid user
scheduling. We focus on an interference limited system as
the value of thermal noise in the 3GPP is proposed to be
very small. Monte-Carlo simulations are used to compare the
achievable minimum user SIR, averaged over 5000 channel
realizations, using the following downtilting strategies.
• SDB: This strategy has been summarized in Table IV.
The downtilt weight vectors are computed using Dinkel-
bach’s method and Gaussian randomization technique, as
explained in Algorithm 1 of [50].
• Cell-specific tilting (CST): A common fixed tilt of 90o
and 100o is applied to all antenna ports with MRT
precoding in the horizontal domain.
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• Center of Means (CoM): The optimal downtilt angle
is computed as the mean value of the elevation LoS
angles of all the users every transmission interval and
MRT precoding is used in the digital domain.
To allow for a fair comparison, the downtilt values in the last
two schemes are used to compute the corresponding downtilt
weight vectors in (10). The Rayleigh correlated channel model
in (33) is then simulated with covariance matrices computed
using (46).
Fig. 20 compares the Monte-Carlo simulated minimum user
SIR of the element approach based SDB strategy to the other
tilting strategies outlined above for a 8 × 12 AAS. The SDB
algorithm performs better than the other strategies.
3) Elevation Beamforming in the Multi-Cell Multi-User
MISO Setting: The system comprises of three neighboring
hexagonal cells with an equal number of users, K, placed
randomly in each cell at a minimum distance of 30m from
the BS. A 8 × 18 AAS is employed at the BS in each cell
with Tx power of 103. The minimum user SIR performance
of the following downtilting strategies is compared.
1) Multi-cell SDB: The quasi-optimal weight vector w∗i for
the antenna ports in cell i is obtained using the multi-cell
SDB Algorithm summarized in [138].
2) Cell specific tilting (CST) -A common fixed tilt of 90o
and 100o is applied to all antenna ports in all cells.
3) CoM - The downtilt angle θtilt,i for the antenna ports
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in cell i is computed as the mean of the elevation LoS
angles of the users in cell i at each transmission interval.
To ensure a fair comparison, the weight vectors for all cells
are computed using (10), corresponding to the downtilt angles
obtained as a result of the last two schemes. These weight
vectors are then used to generate the Rayleigh correlated
channel vectors for all users. All tilting strategies are simulated
with MRT precoding in the horizontal domain under perfect
CSI assumption. The multi-cell SDB scenario performs better
in terms of the minimum user SIR as compared to other
schemes as shown in Fig. 21. Note that the multi-cell SDB
algorithm assumes the elements of the weight vectors to take
arbitrary values such that the vectors have a unit norm, whereas
approaches that adjust the tilt angle directly follow the 3GPP
proposed weight vector expression in (10), which only allows
the phase of the elements to vary.
These founding results provide a flavor of the performance
gains realizable through the deployment of an AAS with a
2D planar array structure at the BS, where every antenna
port is fed with a corresponding downtilt weight vector to
realize spatially separated transmissions to a large number of
users. More sophisticated 3D beamforming techniques can be
devised in the future that utilize other TXRU architectures
presented in section III, where every port can transmit at a dif-
ferent optimal downtilt angle. In fact, for N >> K, spatially
separated beams to almost all the users can be realized, which
is why elevation beamforming can be highly advantageous
when amalgamated with massive MIMO techniques.
VII. FURTHER RESEARCH DIRECTIONS
This tutorial discussed the key features of FD-MIMO, focus-
ing on 2D active antenna array design, transceiver architecture
design, and 3D channel modeling using both ray-tracing and
correlation based approaches, in a way that was relevant to
the design of beam adaptation and optimization strategies in
the elevation plane. However, there are still many practical
challenges down the road to the successful implementation
of elevation beamforming techniques in actual FD massive
MIMO deployments, including pilot and feedback overhead
reduction, advanced channel estimation, hardware limitations
and wide beam generation for control signals. Some discussion
on these issues is provided below.
A. Channel Estimation and CSI Feedback in FD-MIMO
Accurate downlink CSI at the BS is essential to reap the
benefits of elevation beamforming in FD-MIMO systems,
particularly where elevation beamforming strategies rely on
knowledge of the instantaneous channels. Note that the current
standards and dominant current cellular systems, e.g. 3GPP
LTE and LTE-Advanced, are all based on FDD protocol. In
order to support FDD FD-MIMO operation in LTE-A under
time varying conditions, CSI feedback is needed to provide the
serving BS with the quantized information about the downlink
channels. To receive this information, the BS transmits RSs to
the user. The CSI feedback mechanism then allows each user
to report a recommended set of values, including the RI, PMI
and the CQI, where the first two are used to assist the BS in
performing beamforming [90].
Depending on the CSI-RS type used for CSI acquisition,
two types of CSI feedback schemes are supported for FD-
MIMO in LTE-A Pro: Class A and Class B CSI feedback
[45], [91]. In class A, the user estimates the CSI values using
measurements from non-precoded CSI-RS transmitted by the
BS, and in Class B, the user estimates the CSI values using
beamformed CSI-RS transmitted by the BS. Some details on
the two schemes are now presented:
Class-A CSI Feedback: This scheme is usually imple-
mented using the sub-array partition architectures shown in
Fig. 9 and 10. An identical weight vector is applied to all
TXRUs. The TXRUs are fed with orthogonal CSI-RSs. Each
user measures the CSI-RS during the training phase and
then chooses the preferred codebook index i∗ maximizing the
channel gain as,
i∗ = arg maxi||h¯Hgi||22, (61)
where h¯ = h/||h||2, where h ∈ CQ×1 is the channel
vector and gi ∈ CQ×1 is the ith precoder between the data
channel and the antenna ports, where Q is the total number
of TXRUs/ports. Note that this scheme requires Q CSI-RS
resources and the feedback overhead will also depend on the
number of antennas and the resolution of the codebook. The
CSI feedback mechanism relies on the use of a composite
codebook GP , which is divided into vertical and horizontal
codebooks denoted as GP,V and GP,H respectively. Thus the
channel information for the two dimensions can be separately
sent to the BS. By combining the two codebooks, e.g. using
the Kronecker product given as GP = GP,V ⊗GP,H , the BS
constructs the entire channel information.
Class-B CSI Feedback: This scheme relies on beamformed
CSI-RS transmission using the full connection TXRU architec-
ture proposed in TR36.897. The BS transmits NB beamformed
CSI-RSs using weight vectors wi ∈ CMN×1, i = 1, . . . , NB ,
where wi is the TXRU virtualization weight vector for the
ith beam. Note that in full connection architecture the CSI-
RS is fed to all the elements using a weight vector of size
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MN×1. The user selects and feeds back the best beam index
i∗ maximizing the received power as,
i∗ = arg maxi||h¯Hwi||22, (62)
where h¯ = h/||h||2, with h ∈ CMN×1 being the channel
vector with respect to all the elements in the AAA. The
CSI-RS overhead scales with NB in this case where NB is
generally much less than the total number of antennas. The
feedback overhead also depends on the number of beams.
This renders this scheme more suitable for massive MIMO
implementations as compared to Class-A feedback scheme. It
is important to note that the conventional codebook for Class
A FD-MIMO proposed in the 3GPP cannot be used to measure
the CSI using the beamformed RS so a new channel feedback
mechanism supporting the beamformed CSI transmission is
required. For this purpose, beam index feedback has been
proposed, where the BS only needs to feedback the beam
index that maximizes the channel gain and corresponding
CQI. When the BS receives this information, it uses the
weight vector corresponding to the selected beam for data
transmission.
Accurate CSI at the BS is essential for attaining the gains
offered by elevation beamforming methods in FD-MIMO
settings. Existing works on elevation beamforming employ
TDD protocol to exploit the channel reciprocity. However,
majority of the existing cellular deployments employ FDD
protocol which makes it important to explore backwards
compatible FD-MIMO upgrades of such systems. Therefore,
elevation beamforming schemes should be studied in light of
the channel estimation and feedback schemes proposed for
FDD FD-MIMO systems in the 3GPP and academia, and the
effect of channel estimation errors on the performance of these
schemes should be analyzed.
B. Hardware Limitations
In practice, low-cost imperfect hardware components are
employed to implement the AAS. The performance of analog
beamforming implemented using phase shifters and PAs con-
nected to the antenna elements degrades due to phase errors
and non-linear behaviour of the PAs. Also, TDD systems
face phase and amplitude mismatch between different trans-
mitter and receiver paths due to construction variation and
temperature drift of the analog components. If this mismatch
is not corrected through calibration circuits, the 3D channel
estimated from the uplink pilot symbols is not aligned with
the downlink channel. Any phase inaccuracy in the calibration
circuit will result in significant residual errors and degrade the
performance of elevation beamforming algorithms in practice
[46].
The imperfections of non-ideal hardware, such as the non-
linear behaviour of the PAs, analog-to-digital and digital-to-
analog non-linearities, phase errors and hardware calibration
errors [81] should be taken into account in the design and
performance evaluation of elevation beamforming schemes
that optimize the downtilt weight vectors.
C. Wide Beam Design for Control Signals
Multi-user elevation beamforming allows for the formation
of multiple narrow beams that serve several users in the
same time-frequency resource. The design of narrow beams
for user-specific data transmission is desirable as it reduces
inter-user interference. However, besides the user-specific data,
FD-MIMO BSs also need to broadcast data intended for all
users simultaneously, such as the RSs. Such signals need to
be transmitted via a wide beam that covers the entire sector,
instead of a narrow beam. Two methods can be utilized to
generate a wide beam: first is to transmit only from one
antenna element and second is to transmit from multiple
elements with certain amplitude weights. However, the first
method transmits very little power since only one element is
excited, which limits the range. The second method suffers
from a similar problem, since it uses a beam pattern that
heavily excites a few antenna elements while the others are
excited with very little power. To generate a wide beam with
all antenna elements fully excited is challenging, because
a fully excited antenna array generates a narrow radiation
pattern. To ensure a wide coverage, the downtilt weight vectors
need to be intelligently designed for control symbols so that
their transmission from the BS has a wide beam width [46],
[143], which is non-trivial in FD-MIMO settings that involve
a much higher number of antenna elements as compared to
conventional MIMO systems.
D. FD-MIMO in mm-Wave bands
The large bandwidth in mm-Wave spectrum has made
MIMO communication in mm-Wave bands a promising can-
didate for future cellular networks. The small values of
wavelength allow a large number of antenna elements to be
packed within feasible BS form factors, which has led to
the massive MIMO concept for mm-Wave bands. However,
channel measurements have shown severe path and penetration
loss and rain fading in mm-Wave bands as compared to
current cellular bands, resulting in short propagation distances
[144]. In order to attain both high data rates and sufficient
coverage, dense deployment of small cells is proposed for next
generation mm-Wave communication systems [145].
Moreover, it is not practical to implement conventional
fully digital precoding schemes in mm-Wave massive MIMO
systems, as it would require one dedicated RF chain per
antenna element, which is impractical from both cost and
power consumption perspectives in mm-Wave bands. To over-
come this challenge, hybrid beamforming schemes have been
proposed [133], [134], [146] which concatenate an analog
beamformer with a low-dimension digital beamformer. These
hybrid schemes are particularly suited for FD-MIMO settings.
Some light on this has already been shed in section VI-A.
Although the design of mm-Wave massive MIMO systems
has received considerable attention but there are still many
uncertain practical issues related to the implementation of FD-
MIMO technology in mm-Wave bands such as the hardware
design of the AAS, interference control using elevation beam-
forming in small cell deployments and resource management,
that need attention.
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VIII. CONCLUSION
In this article, we presented a tutorial on elevation beam-
forming using FD-MIMO architectures for evolution towards
5G cellular systems. We first presented the 2D AAS and cor-
responding TXRU architectures that support elevation beam-
forming. In order to devise beam adaptation and optimization
strategies and evaluate their performance, we outlined and
compared two 3D ray-tracing spatial channel models that
capture the characteristics of the wireless channel in both the
azimuth and elevation planes. We stressed on the importance
of utilizing the new and hardly used antenna element approach
towards 3D channel modeling to allow for the better optimiza-
tion of elevation beamforming techniques in practice. Then,
we presented and compared the spatial correlation analysis
for both channel models motivated by the fact that the high
spatial correlation in FD-MIMO channels can be exploited
not only to facilitate the theoretical analysis of elevation
beamforming techniques but also to reduce the CSI feedback
overhead incurred in the implementation of these techniques.
All these aspects were put together to provide a mathematical
framework for the design of elevation beamforming schemes.
Simulation examples associated with comparisons and dis-
cussions were also presented. Finally, we pointed out future
research directions for elevation beamforming in the context
of 5G networks.
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